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ABSTRACT: We compute the prepotential of N' = 2 supersymmetric gauge theories in four
dimensions obtained by toroidal compactifications of gauge theories from 6 dimensions, as
a function of Kahler and complex moduli of T?. We use three different methods to obtain
this: matrix models, geometric engineering and instanton calculus. Matrix model approach
involves summing up planar diagrams of an associated gauge theory on T?2. Geometric
engineering involves considering F-theory on elliptic threefolds, and using topological vertex
to sum up worldsheet instantons. Instanton calculus involves computation of elliptic genera
of instanton moduli spaces on R*. We study the compactifications of ' = 2* theory in
detail and establish equivalence of all these three approaches in this case. As a byproduct
we geometrically engineer theories with massive adjoint fields. As one application, we show
that the moduli space of mass deformed M5-branes wrapped on T? combines the Kéhler
and complex moduli of T? and the mass parameter into the period matrix of a genus 2
curve.
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1. Introduction

String theory has been rather successful in providing insights into the dynamics of super-
symmetric gauge theories in 4 dimensions. In particular essentially all questions involving
vacuum geometry can be settled exactly for a large class of gauge theories; all the F-terms
are exactly computable. Topological strings on Calabi-Yau geometries have played a key
role in this regard. In particular consideration of type ITA (and topological A-model)
strings on local Calabi-Yau threefolds leads to exact results, via geometric engineering,
to questions involving a large class of N’ = 2 supersymmetric gauge theories in 4 dimen-
sions [il, B]. Also consideration of type IIB (and topological B-model) geometries with
wrapped and spacetime filling branes leads to exact results for A/ = 1 supersymmetric
gauge theories [B, [}, which is also equivalent to the matrix model realization of a pertur-
bative window into non-perturbative dynamics of these theories. This approach can also
be used to address questions involving N/ = 2 supersymmetric theories, as this is a special
case of N' = 1 supersymmetric gauge theories. There has been another approach devel-
oped recently [f] for answering F-term questions involving N = 2 supersymmetric gauge
theories. This involves the development of an instanton calculus, and can be viewed as an
efficient method to do the relevant integration over the instanton moduli space.

One can also ask questions about the dynamics of higher dimensional supersymmetric
gauge theories, which will be the main focus of this paper. Moreover we will focus mainly
on the overlap of these approaches that relate to theories with 8 supercharges. All these
three approaches can be extended to higher dimensions and more specifically to dimensions
5 and 6. In the geometric engineering approach to go from 4 — 5 — 6 one has to consider
the chain of duality between type ITA on Calabi-Yau X with M-theory on X x S! and
F-theory on X x T2. The latter duality requires ellipticity of X [§—F] and this gets related
to the fact that only special 6D gauge theories with 8 supercharges are anomaly free. In
the Matrix model approach to go from 4 — 5 — 6 one considers associated gauge theories
in 0,1,2 dimensions respectively, corresponding to geometry of point, S, T? [f. In the
instanton calculus approach one replaces (for the case of NV = 2*) the measure from 1 to
arithmetic genus x and then to elliptic genus, in going from 4 to 5 and then 6 dimensions
(the last point will be explained in this paper).

We will restrict to a special class of gauge theories, namely those which do exist as
anomaly free theories in 6 dimensions. In particular we will focus mainly on U(V) coupled
with an adjoint matter, known as N = 2*; we also discuss as a further example how these
generalize to the theory with 2N fundamental hypermultiplets in the terminology of N' = 2
supersymmetric theories in 4 dimensions.

In the course of implementing these ideas we solve a number of related problems: we
find a nice way to summarize the integrality predictions [0, [[I] of topological string free
energy F' in terms of the integrality of the partition function Z = exp F'. We also use the
more refined information of instanton calculus [f] to shed light on the meaning of it in
terms of curve counting for toric Calabi-Yau. We apply the topological vertex to double
elliptically fibered Calabi-Yau (the possibility of doing this was noted in [[Z]) and in doing
so we end up geometrically engineering theories with adjoint matter (N = 2*) on the one
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Figure 1: F-term computations for supersymmetric gauge theories from the view point of matrix
models, instanton calculus and geometric engineering, in 4, 5 and 6 dimensions. The vertical and
horizontal line segments on the external line of the web shown in the figure indicate gluing of those
lines.

hand, and lifting theories from 5-dimensional M-theory, to 6 dimensional F-theory (with
elliptic 3-folds) on the other. Moreover we show that, for the simplest gauge theory with
gauge group U(1), the relevant local model involves combining the Kéhler class of the two
elliptic fibrations as the elliptic moduli of the “two tori” of a genus 2 curve. In relating
these to the instanton calculus approach we end up studying the (equivariant) elliptic
genus on the moduli space of instantons on R*. For the case of U(1) gauge theory this gets
related to the elliptic genus for symmetric products of R*. Elliptic genera of symmetric
products have been studied [[J] and it turns out that there, the double ellipticity (coming
from the elliptic genus on the one hand, and the parameter counting the number of copies
of the symmetric product on the other) and the appearance of genus 2 curve was already
apparent. The study of elliptic genera of symmetric products of instanton moduli spaces
in [[[3] was motivated by the question of 5D black hole entropy [[[4] (see also [[§]). As for
the matrix model approach, going from 4 — 5 — 6 involves changing the spectral plane
from C to C* and then to T2. In the case of the N’ = 2* theory with gauge group U(1), a
genus 2 curve arises naturally as well.

The organization of this paper is as follows. In section 2 we apply the matrix model
techniques to study aspects of gauge theories in 5 and 6 dimensions. In section 3 we review
basic aspects of geometric engineering in 4, 5 and 6 dimensions, including theories with
adjoint matter. In section 4 we review topological A-model strings, and the integrality
structure of its partition function. We also discuss how to use topological vertex to com-
pute these amplitudes. In section 5 we apply topological vertex techniques to calculate



prepotentials for gauge theories in 4, 5 and 6 dimensions. As examples we take N/ = 2*
gauge theories as well as U(V) theories with 2N fundamentals in these dimensions (for
explicit example we take the cases of N = 1,2). In section 6 we review aspects of instanton
calculus and apply it to the theories under consideration. We explain how elliptic genus
of moduli space of instantons arises in studying gauge theory questions in 6 dimensions.
In section 7 we relate the A" = 2* theory lifted to 6 dimensions to the deformed theory of
the Mb5-brane, or NS5-brane wrapped on T2, but deformed with a mass parameter. We
discuss the implication of the appearance of the genus 2 curve from this perspective.

2. The matrix model approach

In this section we discuss how we can obtain results for prepotential of N = 2 super-
symmetric theories in 4 dimensions, obtained from compactification of gauge theories in 6
dimensions on T? using matrix model techniques [[[f] adapted to higher dimensional gauge
theories [J. The idea is to consider deformations of N' = 2 theory by an N' = 1 preserv-
ing superpotential. This superpotential is just a convenience which allows one to probe
a particular point on the Coulomb branch and at the end its strength may be taken to
zero [[7]. Thus we start with a gauge theory on T? which encodes the superpotential of the
corresponding A/ = 1 theory, as in [[] and compute the glueball superpotential by studying
the planar diagrams of that theory. We then extremize it to find the superpotential and the
U(1) gauge theory coupling constants which are encoded by the geometry (period matrix)
of the resolvent curve. Since in this paper we would be mostly interested in the N' = 2
aspects of the theory, we will mainly keep track of the geometry of the curve because it is a
feature that survives the limit when the superpotential is turned off and so pertains to the
N = 2 theory [[[7]. We will consider one main example with gauge group U(N), to illus-
trate these ideas: N/ = 2* (i.e. the N/ = 2 theory with a massive adjoint hypermultiplet).
Note that the choice of the gauge theory should be such that it is anomaly free for the 6
dimensional chiral theory and these two classes are consistent with that. These techniques
can be easily generalized to many other examples, which we leave to the interested reader.

2.1 Engineering the curve from the matrix model

In this section, we show how the curve for the six-dimensional theory can be engineered
from a matrix model applying the techniques developed in [f, [7. More precisely, we will
consider the six-dimensional U(NN) gauge theory with A/ = (1, 1) supersymmetry compact-
ified on a torus T? defined by

T2={y\y~y+%(p+qp), p,q€Z}7 (2.1)
where [ is a length scale and p is the complex structure of the torus. The effective theory
in four dimensions will be the N’ = 4 gauge theory. However, we can also incorporate a
mass for an adjoint hypermultiplet in the compactification. If T2 has finite volume then the
effective theory in four dimensions with be generalization of the N' = 2* theory involving
all the Kaluza-Klein modes of the fields on the torus.



However, if we break this effective four-dimensional to A/ = 1 by adding an arbitrary
superpotential for the one massless adjoint chiral multiplet then we can use the higher-
dimensional generalization of the holomorphic matrix integral approach, described in [J],
to find the effective superpotential. In other words, we need to generalize [[L§, which
considered the five-dimensional lift of the N’ = 1* theory, to the six-dimensional lift. Cor-
respondingly, we have to lift the matrix quantum mechanics to a two-dimensional matrix
field theory, i.e. a two-dimensional gauge theory.

From the point-of-view of the effective four-dimensional theory there are 3 adjoint
chiral fields ®;, i = 1,2,3. One of the fields, say ®3, is now interpreted as the holomorphic
component of the six-dimensional gauge field along the compactification torus. According
to the general procedure of [f]], after breaking to A/ = 1, the superpotential of the effective
four-dimensional theory is determined by a two-dimensional gauge theory involving the
fields ®;(y,y) and defined by the partition function

z- | ﬁ[d@] exp <—g;1 [ W(cIn)) , (2:2)

where g5 is a coupling constant. The action of the matrix model is a generalization of the
one that describes the V' = 1* deformation of the four dimensional theory [1d, Rd]:

W (®;) = Tr(®1D5®s + mP Py + V(P3)) (2.3)

where the covariant derivative is Dy®s = 0yPg + [P3,P2]. If we want to engineer the
Seiberg-Witten curve of the six-dimensional theory on a torus, then the potential V(®3)
has to be chosen to be suitably generic in order that its critical points allow one to track
across the Coulomb branch of the N’ = 2*. At the end, the strength of V(®3) can then
be taken to zero and results regarding the N’ = 2* theory are obtained. We will make a
suitable choice for V(®3) later.

In order to complete the description of the theory we need to specify the measure for
the integrals in (2.9). Part of the matrix model approach involves interpreting the integrals
in a holomorphic way. To be concrete, we can subject the matrices to particular reality
conditions. In the present case, we take (ID]; = &9, or equivalently ®; +Py and i(P; —Pg) are
Hermitian. In particular, the measure for the latter combination of fields is the appropriate
measure for Hermitian fields. The gauge field component ®3(y, §) is treated in a somewhat
different manner since it is the anti-holomorphic component of a gauge field on T?. First
of all, local gauge transformations on the torus can be used to transform ®3 into a constant
diagonal matrix:

UDyU™! = diag(¢1,...,6n) - (2.4)

This fixes all of the gauge group apart from permutations of the diagonal elements and
large gauge transformations on the torus T2 in the abelian U(1)" subgroup. These latter
group elements are

U; = exp (2% ((pi + pai)g — (pi + qz-ﬁ)y)> . PG €Z (2.5)



for ¢ =1 ..., N. These transformations have the effect of shifting

¢i — ¢z 5 (pz + QZP) (26)

In other words, the ¢; are naturally defined on the dual to the compactification torus which
we denote T2:

T2:{x|$~x+%(p+qp), p,qEZ} . (2.7)

This torus also has a complex structure p.

Following the logic of 1, [, [/§], we integrate out the fields ®;(y, 7) and ®2(y, §) since
they appear Gaussian in (R.9) and gauge fix ®3 in the way described above. We end up
with a (zero-dimensional) matrix integral involving the quantities ¢;:

N
2= [ Tt oeg Bl (<03 vion ). 28)
=1

where v is the volume of T?. The determinant in the numerator is the gauge-fixing Jacobian
while the one in the denominator arises from integrating out ®; . For consistency, we now
see that the probe potential V' (¢) must respect the double-periodicity of the torus T? (2-8):

V(w)=V<w+%(p+qp)> ,  PqeEZ. (2.9)

It is straightforward to evaluate the ratio of determinants in (R.§). To start with,
consider the simplified quantity
Det (05 + C), (2.10)

where C' is a constant. Take the eigenvalue equation

05+ C)o(y, ) = M(y,9) - (2.11)
The eigenvectors and eigenvalues can be found explicitly:

Y(y,y) = exp <2Z—7T

3 ((p+ap)j—(p+ qp)y)> PqEZ, (2.12)

and

Az(ﬁr%(zﬂrqp)- (2.13)

Therefore the determinant, up to an infinite factor which will cancel between the denomi-
nator and numerator in (R.§), is

Det(05 + C) ~ H (C + %(p + qp)> . (2.14)

Y2

Using the identities

o 2 o
Sinz — H <1 _ x_) L Oi(zlT) = q1/4eiz H (1 _ q2n) (1 _ q2n—2e—2iz) (1 _ q2nz2iz)

n=1
(2.15)



we can write the ratio of the determinants in (B.§) in terms of elliptic theta functions:

Det(py) Mgy (506~ 9)lo)
Det(Dy +m) 17,6, (%(fbi — 0t mW) |

(2.16)

up to a ¢; independent multiplicative factor.

Now we are ready to perform a large- NV saddle-point evaluation of the remaining matrix
model around a critical point. In order to engineer the Seiberg-Witten curve for this theory,
V(x) must have at least N critical points. Given this, one expands around a critical point
where there is one eigenvalue ¢; in a subset of N of the critical points. We will make a
convenient choice for V' (x) later. As usual in the matrix model we replace N — N and
introduce a degeneracy N; at each of the N critical points inhabited by a field theory
eigenvalue. We then take the limit N; — oo, gs — 0 with S; = gsNi fixed. In the large—N
limit, the eigenvalues ¢; form a continuum and condense onto N open contours on the dual
torus T2. We define these contour by specifying the end-points:

We also define the union N
c=Ja. (2.18)
i=1

The configuration is described by the density of eigenvalues p(z), a function which has
support only along the N contours, and which we normalize according to

/Q(x) dr=1. (2.19)
C

The saddle-point equation is most conveniently formulated after defining the resolvent

function

(o) = [y o0 10601 (2o =) (2.20)
This function is a multi-valued function on the torus T2,
w(z +2mi/B) = w(x) , wa(z + 2mip/B) = w(z) — 71, (2.21)

except cuts along the N contours C;. The matrix model spectral density p(z) is then equal
to the discontinuity across the cut

w(z +€) —w(z —€) = 2mip(z), reC. (2.22)

In this, and following equations, € is a suitable infinitesimal such that = 4 € lies infinites-
imally above and below the cut at x. The saddle-point equation expresses the condition
of zero force on a test eigenvalue in the presence of the large-N distribution of eigenvalues
along the cut:

vV (z)
S

=w(x+e)twx—e —wl@+m)—wlx—m), xeC. (2.23)



Figure 2: The cut torus on which G(x) is defined for the case N = 3. Each pairs of cuts is
identified. The cycles A; and B;, i = 1,..., N are associated to each pair of cuts and Ay41 and
Bpn 41 are the cycles of the torus T2.

This equation can be re-written in terms of the function

G(z) = U(x) +iS (w (x + %) —w (a: — %)) , (2.24)

where U(z) is determined by the finite-difference equation

U <:n + %) —U <:c - %) — oV (z) . (2.25)

From its definition, one can see that G(z) is now single-valued on T2 with N pairs of cuts

ct = [ai + %b + %} . (2.26)

)

This is illustrated in figure . In terms of G(z), the matrix model saddle-point equa-
tion (R.23) is
m m
G(a:+5ie):G(x—5q:e> zeC. (2.27)

These equations can be viewed as conditions which glue the top (bottom) of C;t to the
bottom (top) of its partner C; . This generates a handle as illustrated in figure [J. In other
words G(z) naturally defines a genus N + 1 Riemann surface Yy defined as the torus T?
with IV pairs of cuts CZ-'JE which are glued together in pairs to create N additional handles.

It appears that the resulting Riemann surface has 2IV moduli provided by the positions
{a;,b;} of the ends of the cuts C;. In fact, let us call M the moduli space of surfaces defined
in this way with (complex) dimension dimM = 2N.! However, the requirement that a
meromorphic function G(z) exists on the surface with a suitable polar divisor actually

"'We count all dimensions as complex.
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Figure 3: The top (bottom) of CJr is identified with the bottom (top) of C;". The figure shows
how this generates a handle in the surface on which G(x) is defined.

means that the actual moduli space of the matrix model curve is only an N (complex)
dimensional subspace My, C M. To see this notice that V’(z) has by hypothesis at least
N zeros and hence a polar divisor of order at least N on the torus T?2. This can be arranged,
for example, by taking U(z) to have a pole of order N + 2 at a single point xy on the torus
T2. It follows that V’(z) will have a polar divisor of order 2N + 4 and hence have 2N + 4
zeros. The reason for this choice is purely based on convenience as will emerge shortly. We
can write our choice for U(z) explicitly as

M0 (Fa—cllp) 32

U(z) = el Z a=(N+2)ux (2.28)
01 ( (2 — xo)!ﬂ)

Note that this function is single-valued on T2. With the above choice, G(z) must also have
a pole of order N + 2 at xg on X. For generic xg, the Riemann-Roch Theorem, guarantees
that G(z) will be unique up to an overall scaling. Hence, matching the singular part of
G(z) with U(x) at x¢ leads to N conditions on the moduli of the surface. Consequently,
the dimension of the moduli space of matrix model curves M, is NV as claimed. Of course,
the same counting of moduli will also work for other choices of U(z) for which V’(x) has
at least N zeros, but our choice was a convenient one.

The N moduli of the surface are encoded in the quantities S; = gSNj which can be
expressed as the following contour integrals:

S; = S/ dx o(x) = j{ dx w(z G(x)dx, j=1...,N, (2.29)
C; 27TZ Aj

where A; encircles the cut C;T as in figure .



The other ingredient required to determine the glueball superpotential of the six-
dimensional QFT compactified on the torus is the variation of the genus zero free energy
Fo of the matrix model in transporting a test eigenvalue from infinity to one of the original
N cuts Cj. This is obtained by integrating the force on a test eigenvalue, which can be
expressed in terms of the function G(z) as

i (G (:174—%) —G(:E—%)) , (2.30)

from infinity to a point on the cut C;. This can be written as an integral of G(x) itself along
a contour starting at a point on the lower cut Cj_ going off to infinity and then back to a
point on the upper cut C;-r. This can be deformed into the contour running from a point
on Cj_ to the image point on C;r related by a shift in = by m. Since the 1-form G(z)dx is
single-valued on ¥, this integral is in fact around the closed cycle B; on ¥, conjugate
to the cycle A; defined above: see figure . Hence,

0F
—Oz—z'jf G(x)dx, j=1,...,N. (2.31)
0S; B;
According to the matrix model approach [, BT, [[, fl], the effective glueball superpo-
tential in this vacuum where the degeneracies are IV; = 1 is given by
N
0Fo .

Weg (S;) = ; <a—5j — 27msj> : (2.32)
where 7 is the usual complexified coupling of the supersymmetric gauge theory in four
dimensions.

A critical point of Weg(S;) corresponds to

- = 2miT k=1,...,N. (2.33)

This equation can be written in a more suggestive way by noticing that w; =
1 0
s,
son is that the singular part of G(z)dx at zp depends only on U(z) and so is manifestly

G(z)dx j=1,...,N are a subset of the holomorphic 1-forms on ¥,,. The rea-

independent of the moduli {S;}. Furthermore, the w; are normalized so that
% WE = 5jk . (2.34)
A5

Hence

&*Fo , .
9505, ~ 2mi j{gj wy, = 2millyy (2.35)

where 115 are elements of the period matrix of X, excluding the last row and column.
Consequently the critical point equations are

N
 ly=7 k=1,...N. (2.36)
j=1

— 10 —



Given that My, is N-dimensional, these NV conditions completely fix the geometry of the
Riemann surface Xy, in terms of the parameters of the probe potential V(z).

The remaining elements of the period matrix II are fixed in the following way. Notice
that the remaining holomorphic 1-form wy 1 is identified with Bdz/(27i) since

o
7{ de =0, j=1,....N, de = 2 (2.37)
Aj AN+1 p
Hence
T+ m
HN—l—l,j:Hj,N—l—l:% wN+1:§/ dl':ﬁ—, jzl,...,N, (238)
B; g m 2mi
while
2mip/B
HN+1,N+1 = j{ WN4+1 = 7 dr = p - (239)
Bni1 27 0
Hence, the period matrix of X, at a critical point is
My -+ Ihin % R
m=| - . I =7. (2.40)
My - vy 22 ;
gm gm
2 2m p

2.2 Extracting the Seiberg-Witten curve

We now show how to extract the Seiberg-Witten curve for the compactified six-dimensional
theory ¥. The idea is that this curve at some point in its moduli space is simply identified
with the matrix model curve ¥y,,,. By changing the potential we can move around in the
moduli space of the curve X. In other words, the Seiberg-Witten curves ¥ are the curves
in M subject to the N conditions (2.36).

The crucial observation is that the curve X admits the two multi-valued functions.
Firstly, the critical point equations (R:33) imply that z defined by

P

N
2P)= [ Y wn, (2.41)

Py j=1
for an arbitrary point Py, is a multi-valued function on X, with

Aj: z—z+1, Bj: z—z+T, j=1,...,N
Nm (2.42)
2mi

ANy z— 2z, Byi1: z—z+

In addition to this we also have the multi-valued function z
P

p
P)=— 2.4
z(P) 27 Jps WN+1 5 (2.43)

— 11 -



6757 (=)

Figure 4: On the left, the surface ¥ realized as the cut z-torus T2. The cuts in each of the N
pairs are separated by m and are glued together as in figure E On the right, an impression of the
surface realized as N handles on the z-torus.

defined with respect to some other, possibly different, base point P}, with

Aj: x—ux, Bj: x—x+m, j=1,....N
2mi 2mi (2.44)
Aniq: :13—>x+7, Byt x—>x+7p.

From these monodromy properties it follows that ¥ is holomorphically embedded in a
slanted 4-torus T*. Introducing complex coordinates for C?

ON

— - 2.45
21 AR z9 27TZ':E’ ( )
then we can write
4
T = {zi€C2 ‘ zi~zi+ZQiapa, pQEZ} , (2.46)
a=1

where the 2 x 4-dimensional period matrix is

NpBm
Q= (1 0T 2m’> . (2.47)

0N XBm Ny

271

In fact, the form of the period matrix implies that T* is an abelian surface, or 2-dimensional
abelian variety 3, 3.

We can picture the curve in two ways. Firstly, as already presented in the matrix
model, as a torus in the z-plane with periods (27i/(3,2mip/3) and with N pairs of cuts
across which x jumps by £m whose edges are identified to create a handle as in figure B
This is illustrated in figure [l. The second representation consists of N copies of a torus
in the z-plane with periods (1,7) joined by N — 1 branch cuts. On the face of it, such a
surface would have genus N but on one of the sheets there is a pair of cuts across which

- 12 —
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Figure 5: On the left, the surface X realized as N copies of the z-torus connected by N — 1 branch
cuts. On one of the sheets there is an additional pairs of cuts separated by Nf@m/(2mi) which are
glued together as in figure . On the right, is an impression of the surface illustrating the N copies
of the z-torus plumbed together along with the additional handle on one of the sheets.

NN N
)

z jumps by £Npm/(2mwi) whose edges are identified to create an extra handle. This is
illustrated in figure fj.

Since T* is an abelian surface, it turns out that there is an explicit realization of the
curve in terms of generalized theta-functions associated to T# [2Z. In our conventions,
these are defined as

)
0 [ ] (ZIT) = > exp (wi(m +6) - T+ (m + 8) + 2mi(Z + €) - (m +6)) . (2.48)
€ meZ9
In this definition, Z, §, € and m are g-vectors and Il is a g X g matrix. In the present case,
g = 2 and the curve can then be written as?
N-1 ] NpBm
0L Npz| 7 .
A0 N —( o | =0, 2.49
;J 00(”7’ 2mN2§§”Np> (2:49)

The coefficients A; are moduli of the curve. Since the overall scale of the A; is unimportant,
the moduli are actually valued in PY~!. There are two other moduli corresponding to
moving the curve as a whole in T*. In all there are N + 1 moduli which matches the
number of moduli of the matrix model curve when we include Py the arbitrary fixed point
in the definition of z in (2:41)). It can be shown that ¥ is in the homology class dual to

Ndyi1 A dys + dys A\ dyy (2.50)

where y, are real coordinates, 0 < y, < 1, with z; = Eizl Q;aYo. This is interpreted as
meaning that the curve is wrapped N times around the z torus and once around the z

2For more details, see [E]

— 13 -



torus, as in clear from figures ] and fj. Similar curves which wrap k times around the
torus describe the U(NN)* quiver theories in six dimensions. It is interesting to note that the
construction of our curve is identical to the curve that appears in [B§] describing instantons
in non-commutative gauge theory on T*. The relation between the two problems can be
made by compactifying our effective four-dimensional theory down to 3 dimensions, in other
words the six-dimensional theory is on a 3-torus [26]. This is precisely the philosophy of [27]
which formulates the problem of finding the vacuum states of the theory when broken to
N =1 in terms of equilibrium configurations of an integrable system [R§]. This line of
thinking leads to the question of what integrable system lies behind the compactified six-
dimensional theory which generalizes the N-body elliptic Calogero-Moser system, for the
four-dimensional theory, and the N-body elliptic Ruijsenaars-Schneider system, for the
compactified five-dimensional theory? It turns out that the resulting system is not the
“doubly elliptic system” of [P9, B(], rather it is an N-body system where the momenta and
positions (g;,p;) as complex 2-vectors lie in the 4-torus T* [p4].

The form of the curve (.49) can be re-caste in the following way which makes the
reduction to five and four dimensions more immediate [P4]:

o0 1 "
> (%) 0201 (mz|r) 8 H(x) =0, (2.51)

where
N
1) = [0 (5=l - (252)
j=1

Here, (; are N of the N 4+ 1 moduli and the remaining one corresponds to shifting z by a
constant. To go from the six to the five-dimensional curve one takes p — 0o in which case

H(z) — H sinh g(x -G), (2.53)
and from the five to the four-dimensional curve one takes § — 0 giving rise to
N
H(x) — H(aj —G) - (2.54)
j=1

The curve of the four-dimension theory is identical to the curve described by Donagi and
Witten [BI]. It is well-known that this is the spectral curve of the N-body elliptic Calogero-
Moser integrable system [B2, B3]. The curve of the five-dimensional theory can be shown
to be the spectral curve of the Ruijsenaars-Schneider integrable system as predicted by
Nekrasov [B4]. The relation between this integrable system and the matrix quantum me-
chanical system has already been established in [[Lg].

The form of the curve (R-5]) is very natural from Type IIA/M Theory elliptic brane
construction [BY. Using the representation

91(2’7_) _ Z(_1)n—1/2ei7r7'(n+1/2)2ei(2n+1)z (255)
neZz
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(B-51) can be written

Z(_1)n—1/2ei7r'r(n+l/2)2ez’(2n+1)7rzH($ +mn+1/2)=0. (2.56)
neZz

For the four-dimensional case where H(x) = Hf\il(m — (;) we recognize z and x with the

spacetime coordinates as follows
z = (xlo + ixﬁ)/Rlo , T =2x4+ 125, (2.57)

where Rjg is the size of the M-theory circle. The parameters (; are nothing but the
positions of the N D4-branes and the curve takes account of the periodicity in the xg
direction by including an infinite set images each shifted by an integer multiple of m
which identifies m as the hypermultiplet mass. The five and six-dimensional curves result
from compactifying x = x4 + ix5 on a circle and torus T2, respectively. The replacement
Hyp(x) — Hsp(x) — Hgp(z) takes account of the compactification by including all the
images of the D4-branes.

To summarize, the Seiberg-Witten curve of the six-dimensional N = (1,1) theory
compactified on a torus is a Riemann surface embedded holomorphic in the abelian surface.
In the M-theory formulation, the M5-brane is wrapped on this Riemann surface.

3. Geometric engineering of gauge theories

Calabi-Yau manifolds have played an important role in the study of supersymmetric gauge
theories in various dimensions. The geometry of CY3-folds has been the source of important
insights for gauge theories. The geometries we will consider in this paper give rise to
gauge theories with U(N) gauge group and fundamental or adjoint hypermultiplets via
geometric engineering as we will explain later. In this section we will review the geometric
engineering of four [, B], five [B—BY and six [q, §] dimensional SYM gauge theories with
eight supercharges from CY3-folds. The basic idea is to use F-theory compactification on
elliptic threefolds times T2, and its equivalence to M-theory on the 3-fold times an S!
and type IIA on the 3-fold. Moreover one has to choose special threefolds which admit
appropriate loci of Ay_; singularities, to engineer U(NN) gauge theories with some matter
content encoded by the geometry. We will also solve a puzzle in the geometric engineering
approach by showing how theories with massive adjoint matter can be engineered. In order
to motivate this it is convenient to also review the (p, q) 5-brane web construction of some
of these theories [[l(] and how to realize adjoint matter in the brane constructions [Bg and
reading off the equivalent CY geometry from the resulting webs [B].

31 N=4D=4

Let us begin by considering the well known case of pure U(N) gauge theory with N' = 4
supersymmetry. Type ITA superstrings in the background of Axn_; singularity inside a K3
realizes U(/V) gauge theory with 16 supercharges in 6 dimensions. The D2 branes wrapped
over the 2-cycles of the blown up geometry realize the charged fields of the vector multiplet.
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Type IIB on the Ax_1 singularity leads to tensionless strings and is equivalent to N copies
of NS5-branes of ITA [[]]. Now, consider compactifying type IIA strings in the background
of Ax_1 to 4 dimensions. Depending on how the Ay_1 geometry is fibered over the extra
2 dimensions we get various kinds of gauge theories.

If we consider a trivial fibration on T? we get N' = 4 supersymmetric theory in 4
dimensions. The gauge coupling constant in 4 dimensions is given by the volume of T?2.
Note that this is also equivalent to type IIB on the same geometry by doing a T-duality
on T? exchanging Kihler and complex structures on T?. The Montonen-Olive duality is
realized in this context by the modular group SL(2,Z) acting on the complex structure of
T2. Perhaps the most well known way to realize this theory is on a set of N coincident
D3-branes in flat space. By a chain of dualities this configuration of D3-branes is related
to the set of type ITA NS5-branes wrapped on a T?.

The prepotential of this 4D theory gets only classical contributions which, in terms of
geometry of Ay_1, is proportional to the triple intersection numbers of the 4-cycles, which
include 2-cycles of Ay_1 times T2. To see this note that Ho(Ayn_1,Z) is isomorphic to
the root lattice of Ay_1 Lie algebra. The holomorphic curves in Ay_1 2-fold are in one to
one correspondence with positive roots of Ay_1 algebra. Let us denote by a; the moduli
of the Coulomb branch such that sz\i 1a; = 0 and by ¢; = a; — a;41 the area of the curve
F; corresponding to the i*" simple root, 1 < i < N — 1. The intersection number of Fj is
given by the Cartan matrix A;; i.e.,

F,-F,=-2F-Fu1=1,i=1,...,N—2. (3.1)
Then the prepotential is given by

T —
F=gF-F, F=) ¢:i(A")l;. (3:2)
4,3
Thus the geometry of the 2-fold encodes the prepotential is a simple way. This is also holds

for N/ = 2 4D theories: the classical contribution to the prepotential is given by classical
intersection numbers of the CY geometry. In the case of NV = 4 the classical result is exact.

3.2 N =2, D =4 pure SU(N) theory

After this brief review of N' = 4 theory let us consider N' = 2 4D pure SU(N) theory.
The engineering of an N/ = 2 SU(N) gauge theory requires a singularity of Ay_; type to
produce the appropriate gauge symmetry and another two dimensional space over which
Apn_q is fibered to get four non-compact dimensions. However, the 2D space cannot be
arbitrary since the total space has to be CY3-fold. In the case of N' = 4 this was T? and
the CY3-fold was a product Ay_; x T? space. To break supersymmetry down to N = 2
(eight supercharges) the surface should have no holomorphic one forms and therefore has
to be a P'. However, the total geometry cannot be a product of Ay_; and P! anymore
since it is not Calabi-Yau threefold. To obtain a CY3-fold the Ay _1 is fibered non-trivially
over the P!. The details of the /' = 2 theory obtained by type IIA compactification on
such a CY3-fold depends on the way Ax_; is fibered over the P'. In the 4D field theory
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Figure 6: Realization of pure N'= 2 D=4 theory on the worldvolume of N NS5-branes wrapped
on a P! (inside T*P!) (a) and its dual description in terms of Ay_; fibered CY3-fold (b).

limit, which we will describe later, all such 3-folds give the same theory after appropriate
identification of parameters.
This theory can also be realized using NS5-branes similar to the case of N' = 4. In this
case the NS5-branes are wrapped on P! inside T*P! (O(—2) bundle over P!, (figure ff)).
The four dimensional field theory limit is obtained by taking the string scale to infinity.
By the relations of the base and fiber Kéhler parameters to the gauge coupling and W-boson
masses, these parameters must be scaled as [[I]

Q= e o = (%)w, Qp, = TFi = ¢ Plai—air) j—1 N1, (3.3)
where T}, denotes the volume of the base P! and TF, denote the volumes of the fiber Pls.
A in the above denotes the quantum scale in four dimensions, a; are the moduli of the
Coulomb branch and the parameter § is introduced such that the four dimensional field
theory limit corresponds to 3 — 0.

The N' = 2 prepotential has both 1-loop perturbative and non-perturbative (instanton)
contributions,

o
F = fclassical + fl—loop + Z Ck(ai)Asz . (34)
k=1

In the geometric engineering picture this is obtained from the genus zero topological
string amplitude of the CY3-fold on which type ITA string theory is compactified. By
considering (B.3)), it then becomes clear that the k-th gauge instanton contributions stem
from worldsheet instantons that wrap the base P! of our geometries k-times. As we will
discuss later the instanton contribution are encoded in the classical geometry of type
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Figure 7: The brane configuration giving rise to four dimensional pure N' = 2 U(N) theory.

IIB on the mirror Calabi-Yau, which in turn is equivalent to NS5-branes compactified on
a Riemann surface ¥ [IJ. This can also be viewed, from the M-theory perspective as
M5-brane with worldvolume of 3. In the next section we will review the brane construction
that directly leads to the M5-brane.

Brane description. The D-brane construction of this theory is well known [BJ] and
involves D4-branes and NS5-branes. Consider type ITA string theory with two NS5-branes
and N D4-branes. The NS5-branes are extended in the z%123%5 directions, being located

at equal values in 2789
0,1,2,3

and separated in the z% direction by a distance L. The D4-
branes span the x and 2% directions, being finite in the 2% direction in which they are
suspended between the NS5-branes as shown in figure []. When the D4-branes are coincident
the effective worldvolume theory is D = 4 N' = 2 SU(N) gauge theory with coupling
constant given by 1/L. The picture of the geometry shown above is only approximate and
is a good description for small g since in this limit we can ignore the effect of D4-brane
ending on the NS5-brane. In general the NS5-brane will get curved due to the D4-brane.
In this limit it is more useful to lift the above configuration to M-theory and so that the
above configuration of D4-brane and NS5-branes becomes a single M5-brane wrapped on

a Riemann surface (the Seiberg-Witten curve) of genus N — 1 given by

N 2N
v’ =] - ¢:1)? -4 <%> . (3.5)
=1

Five dimensional. As mentioned before in the field theory limit (5 — 0) all CY3-
folds which are given by Ay_; fibration over P! give the same four dimensional field
theory. However, it is possible to distinguish between these different CY3-folds if we instead
consider the five dimensional SU(V) gauge theory obtained via M-theory compactification
on the same Calabi-Yau times an S'. The parameter 3 gets identified with the perimeter of
S!. Recall that in this case these different CY3-folds are distinguished by the Chern-Simons
coefficient, k, of the five dimensional theory i.e., the coefficient of the term

TTANFAF, (3.6)
RS
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(O,N)

(k+1,1)

(-N+1,1)
(1,N-K)

(-1.-1) (N-k-1,-1) (0,0) (-1,0)
a) b)

Figure 8: (p,q) 5-brane web (a), and the corresponding toric diagram (b), which realizes five
dimensional pure N’ = 1 theory with Chern-Simons coefficient k.

where A is the gauge field and F' is the corresponding field strength. The cubic part of
the prepotential of the five dimensional SU(V) gauge theory with Chern-Simons coefficient
k, in the limit 8 — oo, is given by the triple intersection numbers of the corresponding
CY3-fold [BY],
3
cubic __ 1 -1 k 3, 1 3
FsD =% Z¢i(A )ijS; :gzai‘i'gzmi—“ﬂ : (3.7)
i, i >4

S; are the various non-trivial 4-cycles in the CY3-fold. The Chern-Simons coefficient takes
values from —N to +N. The geometry of the corresponding CY3-fold can be seen easily
from the toric diagram or the corresponding dual web of (p, ¢) 5-branes of type IIB [[id,
(figure §). Recall that for non-compact toric threefolds the five dimensional theory obtained
via M-theory compactification is dual to the five dimensional theory living on a (p,q) 5-
brane web in type IIB. This is a consequence of the duality between M-theory on T2
and type IIB on a circle. Since the non-compact toric CY3-folds have a T? fibration
which degenerates on a planar tri-valent graph therefore using the M-theory/IIB duality
adiabatically one can replace the degeneration locus with 5-branes. The (p, ¢) charge of the
5-brane is determined by the degenerate cycle of the T2. Holomorphicity of the CY3-fold
implies that the orientation of the 5-brane is correlated with its charge i.e., (p,q) 5-brane
is oriented in the direction (p, q) (for type IIB coupling constant 7 = ¢). This web diagram
can be obtained directly from the toric diagram as its dual.

As an example consider the case of O(—1) & O(—1) over P!. This is a non-compact
toric 3-fold with one K#hler parameter, the size of the P!, which we will denote as . The
linear sigma model description [ of this geometry is given by

@12 + (s — @3] — @42 = 7, (3.8)
(D1, Do, B3, By) ~ (D1, Boe™®, Dge™“Dye") .
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Figure 9: The linear sigma model description of the base of the deformed conifold in R% (a) and
the corresponding web in in R? (b).

= 7 KR

Figure 10: The web diagram of various CY3-fold geometries which realize the five dimensional

pure U(3) theory.

The base of this geometry parameterized by (|®1|%,|®3|%,|®4/?) is shown in figure [(a).
The base is the three dimensional convex region bounded by the planes P2 34.These
2 dimensional planes P;, Py, P3, P, are given by &, = 0,%2 = 0,3 = 0 and &; = 0
respectively. We can project this geometry onto a two dimensional plane and since the
locus where the various planes intersect each other has a degenerate T? we see that in
the two dimensional plane the (p, q) cycle of the T? fibration degenerate over line which is
projection of the intersection of two planes and is oriented in the (p,q) direction. This is
the corresponding web diagram and is shown in figure fl(b).

The various geometries which give rise to SU(3) five dimensional gauge theory are
shown in figure [[((a).

For a more concrete connection with the four dimensional gauge theory consider com-
pactifying the five dimensional theory on a circle of radius 8. Then for small 3 it is more
useful to lift the web of 5-branes to M-theory on T? (with the area of T? equal to 1/3) such
that the web becomes a single M5-brane wrapped on a Riemann surface . The Riemann
surface ¥ is embedded in R? x T? where R? is the plane in which the original 5-brane web
lived and T? is dual to the circle of type IIB. The Riemann surface ¥ is given by just thicken-
ing the original graph of the web and its equation can be read easily from the toric diagram,

XN—k

Y
—i—aY

+Py(X)=0, X,Y € C*, (3.9)

where Py (X) is a polynomial of degree N. This Riemann surface actually is the non-trivial
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part of the CY3-fold which is mirror to the CY3-fold which geometrically engineers the
five dimensional theory via M-theory compactification. To see this note that the mirror of
the CY3-fold [i2, 4, ] with toric diagram given by figure §(b) is

N—k

Y

F(X,)Y):=Y +e'B +Py(X)=uwv, X, Y €C*, u,veC. (3.10)
The Calabi-Yau can be viewed as C* fibration over the X,Y plane where the circle
fibration degenerates over the Riemann Surface F(X,Y) = 0. The periods of this
CY3-fold reduce to integrals of a 1-form over 1l-cycles of ¥. The complex structure
parameters of the mirror CY, the complex coefficients in the above equation, are related
to the Kéhler parameters tp (size of the base P!) and tf, (size of the i-th fiber P'). The
geometry of the degeneration of the circle fibration maps this to the geometry of type
ITA NS5-brane wrapped on the same Riemann surface [[i], which can then be lifted up to
an M-theory Mb5-brane. Thus we see that the Mb5-brane wrapped on the mirror Riemann
surface gives the compactified five dimensional theory. This Riemann surface becomes the
Seiberg-Witten curve if we redefine the variables X, Y suitably in the field theory limit.
For this note that we can write the equation of the mirror Riemann surface as

N
y? =X —e?)? —de7tn xNTH, (3.11)
i=1
Now define
AN 2N
X =%, et = Plai—ain)  o—tn = (%) . (3.12)

then in the limit 5 — 0 (4D limit) the equation of the mirror Riemann surface becomes
the equation for the SW curve,

2 a 2 A 2N
Y2 = g(x —a;41)° — 4 <§> . (3.13)

Note that since X was a C* variable, = takes value on a cylinder of radius 1/3. Thus in
the limit § — 0, = becomes a C variable. Also the integer k has disappeared from the
equation reflecting the fact that in this limit the geometries becomes equivalent. From
eq. (B19) it is clear that in the limit of four dimensional theory the base P! grows and
the fiber P! shrink with a scaling given by (B.3).

3.3 NV =2, SU(N) with Nj = 2N

Once pure SU(N) gauge theory has been engineered it is relatively simple to modify the
CY3-fold geometry to include hypermultiplets in the fundamental representation. A fun-
damental hypermultiplet of mass m appears in the gauge theory if we blowup the CY3-fold
of the pure SU(N) gauge theory such that the mass of the hypermultiplet m is proportional
to the area of the blown up curve.
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Figure 11: a) O(—1) @ O(—1) bundle over P!, b) blow up of O(—1) @ O(—1) bundle over P! at
two points.

e

Let us begin by considering the case of 5-dimensional U(1) theory with Ny = 2. The
geometry giving rise to pure U(1) theory is that of resolved conifold i.e., the total space
of O(~1) @ O(—1) bundle over P!. The size of the P!, ¢, is proportional to the length
of the internal line as shown in figure [[Jj(a) and is inversely proportional to the gauge
theory coupling constant. To introduce fundamental hypermultiplets we need to blow up
this geometry at two points as shown in figure [(b). In this case the 4 dimensional field
theory limit is given by

e_ta — e_ﬁma , q= 6_6, ﬁ — 0’ (314)

where my 2 is the mass of the two hypermultiplets in the 4 dimensional field theory and
t1,2 is the area of the blown up rational curves. If we do not take this limit we obtain five
dimensional theory compactified on a circle of size 3.

Generalization to 5-dimensional U(N) with matter is straightforward. All we have
to do is blow up the geometry giving rise to pure U(NN) theory at Ny points as shown
in figure [[d(b) for the case Ny = 2N. The corresponding (p, q) 5-brane web in type IIB
is shown in figure [[J(a) and consists of intersecting D5-branes and NS5-branes. This is
the case when the hypermultiplets have zero mass. To introduce non-zero mass one has
to resolve the intersection locus of D5-brane and the NS5-brane. In terms of CY3-fold
geometry each exceptional curve generated by the blow up gives rise to a fundamental
hypermultiplet such that the mass of the hypermultiplet is proportional to the area of the
corresponding curve. The limit of 4 dimensional field theory is given by

2N—N
e Th = <%> ! e T = e Blaiainn) omte — o =Bme g Ny, B—0
where t, is the area of the a' exceptional curve generated by the blow up.

From the toric diagram, figure [[4(b), it is clear that there are 4N distinct triangulations
of the diagram. Different triangulations of the toric diagram give geometries related to each
other by flop transitions. In the web description this corresponds to two possible resolutions
into tri-valent graph at each of the 2N points where the (1,0) line meets the (0,1) line. In
the gauge theory language this is given by the choice of the sign of the mass term. Thus
for zero size of the blown up P! the geometry is unique. The case of SU(2) is illustrated in
figure [[§. The various geometries which give rise to SU(2) theory (figure [[J(a)) are related
to the same geometry (figure [L3(b)) by flop transitions once four points have been blown
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Figure 12: a) The web diagram of the geometry relevant for five dimensional U(N) theory with
Ny =2N, b) the corresponding toric diagram and c) the flop transition reflecting the choice of the
triangulation of the toric diagram.

= 7 X

a) b) C)

Figure 13: a) The web diagrams of the CY3-fold which realize pure 5D U(2) theory, b) its blow up
at four points for a particular choice of the triangulation and c) the unique web diagram obtained

by blowing up four points with zero area.

up. In all these case the classical part of the prepotential is given by the triple intersection
numbers of the corresponding CY3-fold.

6D theory. In the previous section we saw that 4D theory can be obtained as a limit
of the 5D theory. A natural question that arises here is whether the 5D theory can be
obtained as some limit of a compactified 6D theory. One way of answering this is to
consider F-theory on X x T2. But for this to work the CY3-fold X must be an elliptic
fibration with a section. This is related to the fact that the 6D theory must be anomaly
free and therefore must have a very specific matter content. For the case of U(N) theory
with Ny fundamental hypermultiplets it requires that Ny = 2N. The elliptic 3-folds which
give rise to these theories where constructed in [[(].

To construct the non-compact 3-folds with elliptic fibration relevant for U(/V) theory
with Ny = 2N let us first consider the simple geometry of the deformed conifold given by

T1X9 — 3Ty = €. (3.15)
We can write the above as

T1To =2, T3T4 =2 —€. (3.16)
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Figure 14: a) The deformed conifold as the double C* fibration over the z-plane and b) the
corresponding 5-brane web configuration

Then we see that the deformed conifold is given by two C* fibrations over the complex
z-plane as shown in figure [[4(a). The S? in the geometry, formed by the two circles in the
C* fibration and the line segment joining the points z = 0 and z = ¢, has size given by €.
In terms of the (p,q) 5-brane web the £ # 0 deformation is given by separating D5-brane
and the NS5-brane from each other by a length ¢ as shown in figure [[4(b).

Now given this picture of the geometry in terms of two C* fibration it is easy to see
that one can get an elliptically fibered CY3-fold by compactifying one of the C* fibers to
a T?, as shown in figure [[§(a), such that

T1To = 2, (3.17)
y? =23 + f(z,e)x + g(z,¢).

The second equation above defines the elliptic fibration over the z-plane which degenerates
at z = e. The corresponding type IIB configuration of 5-branes is now such that the NS5-
brane is wrapped on a circle and for ¢ = 0 the D5-brane intersects the circle as shown in
figure [L§(b). The circle on which the NS5-brane is wrapped is exactly the circle created by
the compactification of the C* fiber to T? and its size is related to the Kihler class of the
compactified T?. Now given this web description we can consider two NS5-branes wrapped
on the circle but separated in along the D5-brane. In this case it is easy to see that when
the radius of the circle goes to infinity we get 5-dimensional U(1) theory with Ny = 2
living on the D5-brane and intersecting the two NS5-branes. Therefore the six dimensional
theory compactified on a circle is given by a (p, ¢) 5-brane web which consists of a D5-brane
and two NSb-branes wrapped on a circle such that the D5-brane intersects the circle at
a point and the NS5-brane are separated along the D5-brane as shown in figure [[f. The
distance between the two NS5-branes, along the D5-brane, is inversely proportional to the
coupling constant of the 6 dimensional gauge theory.

Generalization to geometries giving rise to U(/N) theory with Ny = 2N is straightfor-
ward. Instead of single D5-brane we consider N D5-branes intersecting the circle on which
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Figure 15: a) The partial compactification of the deformed conifold geometry by replacing one of
the C* with a T? and b) the corresponding 5-brane web description.

I

a) b)

Figure 16: a) The 5-brane web description of the partial compactification of the resolved conifold
blown up at two points and b) the geometry as an elliptic fibration which degenerates on the base
P!

two NS5-branes are wrapped as shown in figure [I7.

In the limit that the size of the circle goes to infinity we get back the (p,q) web
configuration giving rise to 5 dimensional U(N) theory with Ny = 2N.

The exact form of the curve can be extracted from the web diagrams using the rules
of 0] or that of local mirror symmetry applied to toric threefolds [B, i4, [§]. To apply
this method to the 6D theories we have to take account of the periodicity of the web by
including all its images under the periodic shift. For the N = 1 the web diagram with
all its images is shown in figure [[§. On the right is the associated grid diagram. The
associated curve can be written F'(X,Y) = 0, where F'(X,Y") is the sum of monomials, one
for each vertex of the grid diagram. If a vertex is at (k,[) then the monomial is simply
A X*Y!. The Ay is a potential modulus of the curve; however, there are conditions that
must be satisfied that restrict them. These conditions arise as follows. Consider a link on
the grid that joins (k,l) with (u,v). Each such link is uniquely associated to a link on the
web to which it is orthogonal. Suppose the link of the web is described by the equation
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Figure 17: The 5-brane web description of the compactified 6D U(N) theory with Ny = 2N.

Figure 18: The web diagram for the 6D N = 1 and Ny = 2 theory where periodicity is implemented
by including an infinite set of images. On the right is the associated grid diagram.

py = qx + «, then the orthogonality condition is
(k,1) = (w,v) = (=¢,p) - (3.18)
For each such link, we then have the constraint
Py =qr+ «: A = e’ Ay, . (3.19)

In the present case, we have monomials Ay X*Y! | € Z and k = 0,1,2. Applying the rules,
we find that all the coefficients are fixed in terms of the parameters a; 23 in figure [[§, up
to an unimportant overall scaling and a choice of origin:

AOI — eﬁLl(l—l) , Ay = Aoy ea1(l—l) , Ay = AO ; ea1(2—l)+a2+a3(1—l) ’ (320)
where L is the period of the web in the vertical direction. This parameter is related to p via
2mip
L= . 3.21
3 (3.21)
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We will identify the parameters a; and ag in terms of the masses,
a; = —ﬂml s as = ﬂmg . (3.22)

This leaves one remaining degree-of-freedom in as which corresponds to the bare coupling.
So after a rescaling of Y the curve becomes

F(X,Y) = Z p2mil(l=1)pyl (e—6m1(1—1/2) + X+ eaz—ﬁ(ml+m2)/2e—,6m2(l—1/2)X2) —0.
l=—00
(3.23)

Identifying Y = €% and X = €>™%, and with some re-scalings of X and Y, the curve
becomes
c 3 B 2y (B C_ an—B(mi+ms)/2
Z Z = X el X e — — _ La2 1+m2 )
S1 (5= mlp) +.X01 (Lalp) 4 X%, (Sa—mallo) =0, &=

(3.24)
Defining y = 2X + 91(%33)/91(%(33 — mg), the curve becomes

y* =6 <§x!/)>2 —ct (2%(96 - ml)!p) 61 <2%(x — mg)]p> . (3.25)

The constant ¢ = ¢(ag) represents the freedom to change the bare coupling of the theory.
For N > 1, using an identical approach we find a curve that can be written

y2=f[191 <§($_Ci)|l)>2_cﬁ91 <§($—mf)|p> : (3.26)

where the m are the masses and the (; are the moduli of the Coulomb branch. In the four-
dimensional limit, this reduces to the well-known hyper-elliptic geometry. We note that our
curve is very simply related to the spectral curve of an XYZ spin chain suggested in [B]].

3.4 N =2, SU(N) with adjoint hypermultiplet

In this section we will review the brane configurations and the CY3-fold geometry that real-
izes the N' = 2 U(NN) gauge theory with an adjoint hypermultiplet in 4, 5 and 6 dimensions.

Brane construction. The basic type IIB setup which realizes the 5-dimensional theory
is similar to the elliptic models which realize 4 dimensional theory with adjoint hypermul-
tiplet [BY]. The only difference is that instead of D4-branes we have D5-branes in this case.
There is a single NS5-brane and the D5-branes are wrapped on a circle: the NS5-brane

0,1,2.3.4 and 2 direction.

is extended in the z01:2345 direction. The D5-branes span the z
The direction 29 is taken to be compact so that the D5-branes wrap the circle and in-
tersect the NS5-brane which is a point on the circle (figure RI(a)). On the 5-dimensional
non-compact part of the D5-brane worldvolume there is an N' = 1 (8 supercharge) U(N)
gauge theory with a massless adjoint i.e., it has A/ = 2 (16 supercharge) supersymmetry
reflected by the fact that since there is a single NS5-5brane it can be moved away from

the circle leaving behind N D5-branes wrapped on a circle. The theory on such a set of
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Figure 19: Elliptic models involving 5-branes which realize 5D U(N) theory with a massless
adjoint.

> — Im

a) b) c)

Figure 20: a) Elliptic model realizing U(1) theory with massless adjoint, b) adjoint can be made
massive by deforming the brane configuration and c¢) the same web diagram drawn with identifica-
tions.

N D5-branes is NV = 2 U(N) gauge theory. Turning on the mass of the adjoint breaks
the supersymmetry down to A/ = 1 and therefore the corresponding branes configuration
must be such that NS5-brane cannot be moved away from the circle. This is achieved as
in [BF] by changing the geometry so that as one goes around the 2% circle 2° shifts by m.?
Obviously this corresponds to resolving the intersection of D5-branes and the NS5-branes
into a tri-valent web of (p,q) 5-branes in the 2% plane as shown in figure Rq(b,c). In this
case the separation distance is equal to the mass of the adjoint. Once the adjoint acquires
non-zero mass we can Higgs the gauge group by separating the D5-branes from each other
(figure P1)). The (p, q) 5-brane web given above also defines the CY3-fold geometry which in
this case has a elliptic fibration since the web is compactified on a circle. By compactifying
one of the direction perpendicular to the web, say 2%, on a circle of size 3 we can take a
limit in which we get the 4 dimensional field theory:

e—A(TZ) _ e27rz"r7 gi=e 9 = 6—67 et — e—5m7 B0, (3'27)

where A(T?) is the area of the compactified T? in the CY3-fold geometry, ¢ is the area of
the exceptional curves in the geometry and 7 is the coupling of the four-dimensional theory.

3In the five-dimensional theory m is real.
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Figure 21: Brane configuration which realizes U(N) theory with adjoint mass.

z—plane

Bl A

NS5-brane

a) b)

Figure 22: a) The elliptically fibered CY which gives U(1) theory with massive adjoint and b) the
corresponding 5-brane web diagram.

To describe the 6 dimensional geometry we start with the U(1) case. The corresponding
5-dimensional geometry was discussed in the last section and is given by compactifying one
of the two C* fibers so that we have a C* x T? fibration over the z-plane. The C* fiber
degenerates at z = 0 and the elliptic fibration degenerates at z = . The two fibrations
together define an S? in the geometry. Shrinking this S produces a singularity which when
resolved gives the picture dual to the picture of D5-brane and NS5-brane intersecting and
then deformed into a tri-valent web of (p, ¢) 5-branes. The (1, 1) 5-brane introduced by this
resolution is dual to the exceptional curve produced by the resolution of singularity. The
6 dimensional compactified theory can be obtained by compactifying both the NS5-brane
and the D5-brane on two different circles so that the plane of the web is a 2-torus. This
corresponds to compactifying both C* fibrations as shown in figure P3(a). Recall that the
compactified 5-dimensional theories on the (p,q) 5-brane webs can be lifted to M-theory
where the theory lives on an M5-brane with worldvolume R* x ¥. The Riemann surface ¥
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Figure 23: a) The genus 2 curve which describes the geometry of the 6D theory with an adjoint
for N = 1, b) when the mass m — 0, the genus 2 curve degenerates into 2 elliptic curves with
complex structures 7 and p.

is obtained from the (p,q) 5-brane web by “thickening” the lines and is embedded in the

456,10 “where 219 is the M-theory dimension. This is locally of the

4-dimensional space x
form S! x R x T2, where T2 is the torus with complex structure 7 in the %9 directions

and S' is the T-dual of the original 2* circle, i.e. now having size 3~!. Globally one must
2

T

take account of the mass so that as one goes around the z%-cycle of T2, z° shifts by m.
In the six dimensional case, where both directions along the web are now periodic, we can
lift the (p,q) 5-brane web to obtain an M5-brane wrapped on a Riemann surface ¥. In
this case ¥ can also be obtained from the web by thickening it but it now is embedded in

456.10 space. This 4-torus is identified with the abelian surface

a slanted 4-torus in the x
T% in eq. (P.46).* It is easy to see that X is a genus two curve which degenerates into two
elliptic curves when the mass of the adjoint goes to zero (figure PJ). This is precisely as
one would predict from the analysis in section 2.

The exact form for the curve can be obtained from the web diagram using the rules
established in [AQ] or local mirror symmetry applied to toric Calabi-Yau [, 4, ] that
we summarized at the end of section 3.3. As in section 3.3, in order to apply them to
webs with periodicities we employ the method of images, although now we have double
periodicity. We will only consider the N = 1 case in any detail but it should be clear
to reader how to extend the method to N > 1. When we include all the images, the
web tessellates the plane as illustrated in figure P4. This figure also shows the associated
grid diagram. The associated curve can be written F(X,Y) = 0, where F(X,Y) is the
sum of monomials Ay X*Y!, k,1 € Z, one for each vertex of the grid diagram. The Ay
are potential moduli which can be fixed using the connection with the web diagram as in
section 3.3, that fixes them, up to an overall scaling. Using the rule (B.19), we find the
following recursion relation for the elements:

ﬁ(Lhk—l—ml)Ak‘la ,B(Lvl-l-mk)A

App1y=c¢ Apis1=ce kL s (3.28)

where Ly and L, are the periods of the web in the vertical and horizontal direction. These
parameters are related to p and 7 via
2mip 2miT
= —, Ly = ) (3.29)
g B
at least for p and 7 purely imaginary. However, the results extend holomorphically to
arbitrary values of p and 7. Solving (B.2§), we find

Ay = e27rik(k—1)7’+27ril(l—1)p+klﬁm (330)

Ly

4In this context m can be taken to be complex.
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Figure 24: The web diagram for the 6D N = 1 theory with adjoint including all the images under
the two periodic directions. On the right is the associated grid diagram.

up to an unimportant overall factor. Notice that once the rule (B.19) has been imposed
there are no remaining moduli apart from the overall position of the web: just as one
expects for the N = 1 curve. So the curve becomes

0o
F(X, Y) _ Z e27rik(k—1)7'+27ril(l—1)p+kl,6kayl =0, (331)

kl=—o0

which, after identifying X = > and Y = €5%, and after suitable re-scalings, is simply

00 Bz T Lm
@ 00 <Z 2— Jé; 27”) =0. (3.32)
T om P

This is precisely the N = 1 version of (R.49). Notice that the form of the curve ensures
that under the identification

X — X2 Y 5 Ye™

Y 5 Y™ X — Xe™

F(X,Y) = 0 is invariant, since F(X,Y) — X%Y°F(X,Y) for some a,b (note that
X, Y #0).

Note that from the above construction of the curve from the toric diagram we have a
cyclic symmetry between the parameters. To see this consider the transformation

XX, Y XY, (3.33)

which has the effect of changing the basic grid in the toric diagram. The curve F(X,Y")
after this transformation becomes

00

F(X,XY)=0 [O .

Bx| T %—T
— i =0. .34
<Z+T 27”5_1% TT—’—p—’B—m 0 (33)

omi i
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The period matrix is given by

ﬁ_m ~ =~
I — <2m' T =T ) : (3.35)

-7 p+T

where 7 =7 + % and p=p+ % After an Sp(4,Z) transformation we can write this as
p+7 7 9fm . _ fm
STHIS = <pf7 . A) - <T+p+ﬁm2m ’ 27”) . (3.36)
T 5Zt+T T— 5 T
Now consider the transformation
X XY, Y Y, (3.37)

which again changes the basic grid. Also note that the choices of the basic grid in the toric
diagram that we used are the only possibilities. In this case the curve is given by

00 Om Pz T+p—2ﬁ—m gm _
F(XY,Y)=0 — — — 2mi 2mi =0. 3.38
(X¥.Y) [00](2 Tt il fmo, T, (3.38)
The period matrix is given by
Fep -5
Im= PR . (3.39)
After an Sp(4,Z) transformation we get
mo o~ o~
SIS = <2m'f PP (3.40)
P TP
Thus the period matrix has a cyclic symmetry (7 — p — %) with three period matrices
given by
(T )L (P LT ) (AP (3.41)
o P 5 T oo tT pTHD

This symmetry is quite clear from the web diagram and is also present in the corresponding
partition function as we will see in a later section.

This analysis can be extended to N > 1 by applying the method of images as above.
In this case the curve should be invariant (up to F(X,Y) — X°Y*F(X,Y)) under the
transformations

X —Xe?, V=Y and, X — XMV = YN, (3.42)

The curve is given by summing over all the monomials associated with the vertices of the
toric diagram (k,1) — X*/Nyt,

400 N-1 )
FXY):= Y Auxvyi=3" Y 4 xmetyl, (3.43)
k,l=—o00 7=0 m,l
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where in the final expression above we have defined j = k (mod N). Using eq. (B.49) we
see that

Aznl _ Aj em(m—l)u+l(l—1)cr+mlN>\+%+j)\n ) (3'44)
So the curve becomes
N .
F(X,Y) = Z Aj Z em(m=1)u+1(I—1)o+mINA+ 2“1<,m +iAn xym+j/Nyl : (3.45)
=0 m,l
1 . N3
B m )
= 00 271 S5 Np

NG

where X = eV%% and Y = e*™%. This agrees with the matrix model calculation of the last

section.

3.5 XN_l theories

In the last section we saw that 6D theories with Ny = 2N can be engineered using ellip-
tically fibered CY which can be described by semi-compact web diagrams. In this case
one can ask the question about the relevance, if any, of completely compact web diagram
obtained by identifying both the NS5-brane direction as well as the D5-brane direction
from the web diagrams of U(/V) theory with Ny = 2NN. The case of U(1) with Ny = 2N is
shown in figure Pg. It is easy to see that if the NS5-brane direction is not compact but the
D5-brane direction is compact we get 5D U(1) x U(1) theory with bifundamental matter.
Thus compactifying the NS5-brane direction gives us 6D U(1) x U(1) theory compactified
on T? with bifundamental matter. In case of N D5-branes we get 6D U(N) x U(N) theory
with matter in (N, N) + (N, N) compactified on T? [i7].

4. Topological string amplitudes and BPS degeneracies

In the previous section we reviewed the geometric engineering of compactified 4, 5 and 6
dimensional N = 2 theories from CY3-folds via type ITA, M-theory or F-theory compacti-
fications. An important ingredient of the geometric engineering recipe is the calculation of
the gauge theory prepotential from the genus zero topological string amplitude of the corre-
sponding CY3-fold [fl]. In this section we will review the interpretation of topological string
amplitudes as the generating functions of the BPS degeneracies of wrapped M2-branes (or
D2-brane and DO-branes) which give rise to particles in the five dimensional theory.

Consider type ITA strings compactified on a CY3-fold X. The theory on the transverse
four dimensions has N’ = 2 supersymmetry. This theory in 4 dimensions has certain F-
terms (g > 1)

/ d*zF,(t;) RZ F3972, (4.1)

which can be calculated exactly. In the above expression R%r is the contraction of self-dual
part of the Riemann tensor and Fy is the self-dual part of the graviphoton field strength.
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U(l) SYM U(1) SYM
with adjoint with adjoint
matter matter

U(l) SYM U(1l) SYM
with N f:2 with N f =2

N\ ) A .
A 0 Quiver A0 Quiver
Theory Theory

U(2) SYM U(2) SYM
with adjoint with adjoint
matter matter

U(2) SYM U(2) SYM
with N f=4 with N f=4
AN\ . A .
A1 Quiver A1 Quiver
Theory Theory

Figure 25: Field theories in 5 and 6 dimensions with various matter content and the corresponding
web diagrams representing the CY3-fold geometry.

The function F, is the A-model topological string amplitude of X [§, i[9 and depends
on t;, the Kahler parameters of X. As mentioned before the prepotential of the theory is
given by genus zero amplitude for which the F-term is given by

(ﬁ%ﬂAﬂ%%%. (4.2)
Thus the gauge coupling of the 4D theory in terms of the genus zero amplitude is given by
Tij = OO Fo(ti) - (4.3)

— 34 -



Figure 26: The web diagram of the 6-dimensional Ay theory.

The topological string amplitudes F, arise in the A-twisted topological theory as inte-
grals over the genus g moduli space of Riemann surfaces and are related to the generating
functions of the genus g Gromov-Witten invariants. Let us denote by w € H?(X,C)
the complexified Kéahler class of X. Then the topological string amplitudes be compactly
organized into the generating function

F(ti, As) =Y AI2F(t:), (4.4)
g=0

where A; is the constant self-dual graviphoton field strength.

From the worldsheet point of view the genus g amplitude, Iy, is the generating function
of the “number” of maps from a genus g Riemann surface to CY3-fold X. However, the
target space viewpoint provides a more physical interpretation of the generating function
F(t;, As), which we now review [[[(, []. Recall that in M-theory compactification on CY3-
fold X we get a 5-dimensional field theory with eight supercharges. The particles in this
theory come from quantization of the wrapped M2-branes on various 2-cycles of X. If we
consider compactifying one direction then we can interpret the particles as wrapped D2-
branes and the KK modes as bound DO-branes. In this case integrating out these various
charged particles gives rise to the F-terms in the effective action. The contribution of a
particle of mass m and in representation R of the SU(2);, x SU(2)r (the little group of
massive particles in 5D) to F' is given by

00 Tro(—1)°LtoR —sm? ,—2seor F
S =logdet (A +m® +2e0F) = / ds Trr(=1) c_ ¢ (4.5)

. S (2sinh(seF/2))? ’

where o” is the Cartan of SU(2), and arises because the graviphoton field strength is self-
dual. e is the charge of the particle and is equal to its mass and we identify the graviphoton
field strength 7 = A;. The mass of the particle is given by the area of the curve on which
the D2-brane is wrapped. An extra subtlety arises due to DO-branes. In the lift to M-
theory we see that a wrapped M2-brane comes with momentum in the circle direction and
therefore if we denote the mass of the M2-brane wrapping a curve class ¥ € Hy(X,Z) by
Ty, then the mass of the M2-brane with momentum n is given by taking T, to Tx +2min/\.
Let us denote by Ng :JR) the number of BPS states coming from M2-brane wrapped on the
holomorphic curve ¥ and left-right spin content under SU(2), x SU(2)g given by (jr,jr)-
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Then the total contribution coming from all particles is obtained by summing over the
momentum, the holomorphic curves and the left-right spin content,

ds TT(JL in) (_1)0’L+O’Re—STE—Zﬂ"ine—QSUL)\S

he Z Z Z NJL’]R / B = (2sinh(sAs/2))? » (4.6)

YeH2(X,Z)n€EZ jL,jr

or+oRr ,—2kAsor,
Tr(jy ) (—1) €

_ (rwr) —kTs — (L.Jr)\ "
2 ZZNE ° k(2sinh(k),/2)2

SEeHy(X,Z) k=1jr.jr

_ ZZN]L —kTgTrJL( 1)7e Aon
k(2sinh(kXs/2))?

YeH2(X,Z) k=1 jr

where
N =37 NYEI (1) WR (25 + 1) (4.7)
JR

It is useful to define a different basis of SU(2), representations given by I, = (2(0) + (3))?
such that in terms of this basis

SN[ =S ndd,. (4.8)
JL g=0

The coefficients nf, are integers and given by

> (2 =) = SN (g (49)
g=0

Jr

In terms of these integers one can write I’ as

Tr[g 1)0’L6—2k)\soL

F= Z ZZn c k(2sinh(kXs/2))? (4.10)

YEH2(X,Z) k=1 g=0

It is easy to show that

2
Tr[g(—l)UL€_2k)\SoL — (Tl"ll(—l)oLe_2k)‘SUL>g = <2 Sjnh(kj/\s/Q)) 7 . (4‘11)

Thus we get

F= 3 ZZ"E 2sinh(kA,/2)) 29 2eF T | (4.12)

YE€H2(X,Z) k=1 g=0

The target space point of view allows the topological string amplitudes to be written in
terms of integers n{, which give the BPS degeneracies of the states coming from wrapped
D2-branes. The fact that F' has this particular form with integer n{, has been confirmed
for many non-compact toric threefolds.
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4.1 Second quantized strings and A-model partition function

In the previous section we saw that the target space view point when discussing the topo-
logical string amplitudes is perhaps more interesting than the worldsheet view point since it
allows the amplitudes to be written in terms of invariants which are integers. However an-
other interesting property, the integrality of ef’, becomes clear from this view point as well.

To see this note that we can write e, which we will call the partition function from
now on, as

+Jr oo} 1 2j+1(m+1)NjL

Z(w,gs) _ eF(w,gs) _ H H H H < 2k+m+1QZ)(_ ) z ’ (4‘13)

YeH2(X) jr k=—jr m=0

where Q* = e T and ¢ = e~*s. This expression looks very much like ‘counting’ the
states in a Hilbert space (this was also noted in [[L{] for the case of j;, = 0 BPS states).
In a sense we have already explained how partition function counts M2-branes. So
the integrality of Z must be directly related to this integrality in F. We can in fact
see Z as the partition function of a second quantized theory built purely out of fields
creating M2-branes. Let @y, m, (21, 22) denote a field creating an M2-brane BPS state,
where z; denote the two complex coordinates of the 4 dimensional space, ¥ denotes
the BPS charge and m; denote the internal spins of the BPS particle with respect to
U(1) x U(1) = SO(2) x SO(2) € SO(4). Consider only holomorphic configurations of the
BPS fields. This is what we usually do in the context of 2d chiral block of a conformal
theory. If we do this we have the natural decomposition
Dy ma (21, 22) = 211252 Z Oy iy g +ma (2)271 25
n1,m22>0

where A, 4m; no+ms (L) are bosonic or fermionic modes depending on whether the field ®
(which is the lowest component of a superfield) is bosonic or fermionic respectively. Note
also the prefactor monomial is the usual mapping of modes from cylinder to the plane for
each z;. Note that j% = n1 + ng +my + mg for each mode y, 4m; not+ms(2)-

Since N%L is the BPS degeneracy of the states with charge ¥ and SU(2)z, spin j;, we
can write the above partition function as

7 = TrH(_1)2(jL+jR) q2j% e T (4.14)

where H denotes the subspace of the second quantized Hilbert space generated by holo-
morphic modes of the lowest component of the BPS fields and T denotes the total mass
of the BPS states which is the same as the Hamiltonian of the theory. It is quite exciting
that the partition function of topological string seems to be counting a second quantized
hilbert space of holomorphic components of BPS states. It is also natural to believe there
is an interesting algebra related to this partition function. In particular we can take the
product of two holomorphic BPS fields as defining an algebra:

Oy, by, = Y Cidy,
¥i=¥1+22

This would be interesting to study further. It would also be interesting to see the connection
of this holomorphic OPE of BPS states to the BPS algebra defined in [5(].
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4.2 Non-compact toric threefolds and the topological vertex

In this section we consider the case of non-compact toric CY3-folds. These CY3-folds are
extremely interesting not only because they are “simple” enough so that exact calculation
of A-model partition function can be done but also because they give rise to gauge theories
via geometric engineering [fl] as we saw in the last section.

From the discussion of the last section we see that if the graviphoton field strength is
not self-dual F' := Fy + F_, then we can write the contribution of coming from integrating
out the particle in representation R of SU(2)r, x SU(2)g as

© JsTh —1)oLtor —sm? ,—2se(or, Fy+orF_)
S::/ ds Trr(=1) e e (4.15)

s (2sinh(seFy/2))(2sinh(seF_/2))

Summing over the contribution from all particles as before we get

F(q1,q2) =

i . . —nJR nJR
NSLJR) ((q1q2)_n]L +-.. ._|_(q1q2)"]L) ((%) et (%) >
—nTx

za%x,zmz::ljgj:a n <q?/2 B ql—n/2) <q;/2 B q—n/2> e )

2

(4.16)

F- " The integers Ng L:JR) give the degeneracy of

where we have defined ¢; = e+, g2 = e
particles with spin content (jr,jr) and charge ¥ and are the number of cohomology classes
with spin ( Jjr,Jr) of the moduli space of D-brane wrapped on a holomorphic curve in the
class ¥ [0, [I]. Because the D-brane has a U(1) gauge field living on its worldvolume
the moduli space of supersymmetric configurations includes not only the curve moduli but
also the moduli of the flat connections on the curve coming from the gauge field. Since
the moduli space of flat connections on a smooth curve of genus g is 729 therefore the
moduli space of the D-brane is 729 fibration over the moduli space of the curve. The total
space is a Kahler manifold and the Lefshetz action by the Kahler class is the diagonal
SU(2)p € SU(2)1, x SU(2) action on the moduli space. The SU(2);, x SU(2) action on
the moduli space is such that SU(2)z acts on the fiber direction and the SU(2)g acts in
the base direction.

In the previous section when discussing the generic CY3-folds we summed over the
SU(2)r action by taking the graviphoton field strength to be self-dual. This was essen-
tially due to the fact that Ny ULJIR) can change as we change the complex structure; the
supersymmetry algebra allows such pairings between neighboring jz’s to give a non-reduced
multiplet. But N Iz , which sums over all jr’s with alternating signs remains invariant. For
the case of non-compact toric CY3-folds there are no complex structure deformations.

(Jr:JR) degeneracies, and so one would hope

Therefore one would expect no jumps in the Ny;
to be able to compute these as well. We will come back to this after our discussion of the

topological vertex.

Topological vertex. It was shown in [[[J] (see also the earlier work [63, 1], b4, F5])
that topological string amplitude for non-compact 3-folds can be calculated using the cor-
responding web diagrams and the topological vertex: A function of ¢, Cr, r,r,, depends
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on three representation, Rj 23, of U(co) associated with each tri-valent vertex of the web
diagram. The topological vertex Cr, r,r, is actually an open string amplitude for a certain
geometry with D-branes as we will see later. An expression for the topological vertex in
terms of the Hodge integrals was proposed in [f3. The proposed expression was checked
for many nontrivial representations but a general proof remains an open problem. The
relation between Hodge integrals and topological vertex with one trivial representation
was determined in [f4] using localization.” For local toric threefolds with one compact
4-cycle (so that one representation of the topological vertex is always trivial) the paritition
function can be determined using localization and agrees with the topological vertex calcu-
lation [[70]. Let us briefly review the idea behind the topological vertex and the derivation
of topological string amplitudes for a non-compact CY 3-fold.

Recall that in the last section we saw that non-compact toric 3-folds can be represented
by web diagrams which captures the non-trivial aspects of the geometry as a tri-valent
graph in two dimensions. The graph is the locus of degeneration of a T? fibration over
the plane. Along each edge of the web a 1-cycle of the fiber T2 shrinks and therefore at
each point of the edge we have an S, the cycle dual to the one shrinking. Given this cycle
we can consider a D-brane with 3 dimensional worldvolume S' x C which wraps this cycle
and fills two other directions only one of which could be in the plane of the web diagram.
Such a 3-cycle is Lagrangian and can be used to define the boundary conditions for the
open topological strings [F1, fJ]. As we mentioned before the web diagrams corresponding
to non-singular geometries are tri-valent graphs. All the vertices of the web diagram are
SL(2,Z) transform of each other and hence the web diagram can be “built” using the basic
vertex, in which we have (1,0), (0,1) and (—1,—1) lines coming together, and its SL(2,Z)
transforms joined by edges which are straight lines. Such a web with only (1,0), (0,1) and
(—1,—1) lines corresponds to threefold which is C3. In this case the geometry is trivial
and the only contribution to the topological string amplitude comes from constant maps.
However, as mentioned before we can have D-branes in this geometry which will provide
boundaries for maps from worldsheet with boundaries as shown in R7 where R; are the
representations in which we take the holonomy around the circle which the D-branes wrap.
The open topological string amplitude of this geometry is given by the topological vertex

Whrt@, WERaQ»

_ RiRS kp, /24KR, /2
Crimois = ) Nojqy a°m2/*7 Wr, (4.17)
Q1,Q2
where
RiR, R R:
Nowas = > Nob, Nob, (4.18)
Q

Here N, is the degeneracy of representation c in the tensor product a®b, the Wg, g, is the
link invariant for Hopf link for U(co), and ki denotes a quadratic casimir for representation
R. Another useful representation of the vertex is given using the skew-Schur functions. Let

5The relation between Hodge integrals and topological vertex was also explored in @7@]
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Figure 27: The topological vertex is defined as the open string amplitudes in the presence of three
stacks of Lagrangian branes.

us denote the Young diagram corresponding to representation R as ppr then [pg

K K +
CRiRoR; = q( it RS)/2SR§ (¢”) Z SRi/R (unS—H}) SRa2/R <un§ p) ’ (4.19)
R
where sg, /g(7) is the skew-Schur function defined as

Spy/r(2 Z Nf spy(@ (4.20)

and ghtP = {g—1/2 qt2=3/2 grs=5/2 1,

To calculate the partition function for any non-compact threefold we consider its web
diagram and associate with each leg a representation R; and with each vertex Cg, R, Ry,
where R; ;) are the representations on the legs joining the vertex. Then the partition
function is given by multiplying all the vertices together and summing over all the repre-

~Tilr; where T} is area of the curve associated to the i-th edge

sentations with weights []; e
and g is the number of boxes in the Young diagram corresponding to R. There are extra
subtleties associated with orientation of the legs which leads to extra framing factors. For
details of this we refer the reader to [LJ].

As an example consider the case of the resolved conifold as shown in P§. We will see
that using the identities involving Schur and skew-Schur function it is possible to write a
simple expression for the partition function of this geometry. We will use similar identities
involving skew-Schur function to determine the partition functions of gauge theories in
the next section.

Denote by T the area of the P! then partition function is given by
ZRy Ro Rk = 2R € "CORyryre (0) (1) 7 Cr gy gt (q) - (4.21)
Using eq. ([(.19) we can write Zg, ,,, as (Q =€ ")

— — t
ZRi234 = q(an TRy TR HR4)/2SR§ (¢”)srs(d") Z SRS /m (¢"m +p)SR4/772 (qﬂa"'p)
71,72

> QR (1) R 5y (0777 s, (47577)

R
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Figure 28: The web diagram of the resolved conifold with four stacks of D-branes. The rep-
resentation R, which is summed over, is associated with the internal line and R; 234 are fixed
representations associated with the external lines of the web.

The sum over R can be carried out exactly using the identity [B8J]
Z SR/m (x)th/n2 (y) = H(l + a:z-yj) Z Sut /1 (a:)sni/né (y). (4.22)
R ,J 3
After summing over R,7;2 and denoting the Schur function corresponding to R in the
variable (z1,z9,...,y1,Y2,...) by sg(x,y) we get
ZRLQ,SA — q(I{Rl—l—I{RZ —HRB—HR4)/2SRt1 (qp)ng (qp) H <1 _ Q qNRS,i'f‘Pi'f‘UR?i’j‘i‘pj) (423)
2%
, . R, — Bpttp ~ —ppt—p
> Q" (1) sy g Q0T 0,5 s e (7 Qg
3

The sum in the expression above is finite and can be determined easily for any given Rp 4.
Consider the case (Ry, R2, R3, R4) = (e,,0, R) and (Ry, 0, R3,0) then

Zeeer = ¢ "2 (H (1 - qu) k) sr(a?,Qq™"), (4.24)

k=1

Zryomo = (ﬁ (1- qu)k) (H (1- @q—k)c“Ri’RS’> s (0”)s s ()
k

Pl
<ﬁ(1 = Q)+ fryny — QU ryry + frigs) — szR1R§> :
Where
frirs = Y Ck(Ri, Ra)g* = sp(q#™ F)splg #27) — st(q ") (4.25)
= qlil(q — 1 fr fry + fry + fry» and

fr= > &

(,7)ER
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Generalized partition function. In a previous section we saw that the BPS degenera-
cies given by the target space viewpoint of the topological strings are obtained by summing
over the jr spin content. This is necessary in order to obtain an index invariant under the
complex structure deformations of the CY3-fold. Hence for a CY3-fold with no complex
structure deformation we do not have to sum over the SU(2)g. As mentioned before non-
compact CY3-folds are such spaces for which there are no complex structure deformations
and hence a more general partition function encoding the full SU(2)z x SU(2) g spin content
can be defined.

The generalized Partition function in such cases would be given as a trace over the
second quantized Hilbert space generated by holomorphic components of the BPS fields:

7 = Try(—1)20rHir) q-{L‘F]R gL = oFlane) —

+5r +ir 00 krtkptmitl kp—kptmoti 5
[LT0 I T T (o

i1 4j JLJ
>(_1)2(JL+JR)+1N LJR
YeH>(X)jr.jrkL=—jLkr=—jrm1,m2=0

(4.26)

To determine the invariants n(zgl’gz) which correspond to the basis (/g , I4,) we can use the
relation

- 292
o 1/4 1/4
S @ 1)m () — (i) ") ((q—l> -(2) - (@
91,9220 & ©
Z N%Lv]R(_l)Q(JL"FJR) ((q1q2)—JL 4+ 4 (q1q2)+JL) <q_> 4+ 4 <q_> .
— 2 2

JLsJR

Direct computation of such a partition function, say using some generalized topological
vertex, is not known for any non-compact 3-fold. However, using the geometric engineer-
ing relation between the compactified 5D gauge theories and non-compact 3-folds one can
obtain the generalized partition function for some cases using the instanton calculus de-
veloped by Nekrasov [, /. Note that in the non-compact case the notion of SU(2)p is
ambiguous, as it can mix with R-symmetry (there is no normalizable 4d gravity mode). In
fact a particular combination of SU(2)g and the R-symmetry SU(2) is what is computed
in [{] which we find to correspond to the SU(2)g defined in the D2-brane moduli problem
acting on the base of the moduli space [[L1].

As an example consider the pure five dimensional U(2) gauge theory which can be
obtained via M-theory compactification on local P! x P!. In this case the gauge theory
partition function was calculated in [f]. This partition function can also be calculated
using the refined vertex formalism developed recently in [f6). We can use these results to
verify that the generalized partition function gives the degeneracies which represent the
SU(2) x SU(2) action on the moduli space of the D-branes.

The partition function for the case of local P! x P! is given by

Z:=> Q" 7Zr, 1y (Qy), (4.28)

Ry
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where Ty, = —log(Qs, ¢) are the Kéhler parameters associated with the base and the fiber

P! and we sum over all pairs of Young diagrams Ry 2 such that

24K 2
CRl(QI,Q2)CR2(QI,q2)CRT(QZ,QI)ORT(Q2aQI)qul/ 0l o)t R )2
ZR1,R2 (Qf) Ckl,k2 (R1,R2)
Hkhkz ( Q1 ‘D) Q)
In the above expression
K hl 2h 2 hL(i,3) h%G,5)\ ™
Crlar,a2) = (~1)'®(q1a2)™ " 37" ] (1—qu( Dyt ])) (4.29)

and RR = Z(ZJ)ER(] _Z)7 h}%(lmj) =

are given by

:uj _ia h%%(l)])

(4,7)ER

= p; — j+1. The integers Ci, r,(q1,92)

_hl " h2T(7’7]) T(Zh])
chl,kg R17R2)q11 b = Z ql R2(2]) Z qu 2R2
k1,2 (i.5)€R (i.)€R]
2 —hl. (i
+ Z (4,9) R2 Z a RT )2 R{(ZJ)
(4,4)ER2 (4,5)ERT

We can use the above partition function to calculate the BPS degeneracies of various
states corresponding to charge ¥ € Hy(X,Z). For example the term linear in @y, given by

(R1,R2) = (O, e), (e, 0), determines the integers NéjL’jR) for all curves 8 =B +kFk >0
and gives
NGEIR = 85,0 0jpis1/2 (4.30)

which is consistent with the fact that these are genus zero curves and therefore action in
the fiber direction, which is just a point, is trivial. The moduli space of these curves is
given by P?**1 and the SU(2)z action on this is just the Lefshetz action via Kihler class
therefore the cohomology classes decomposes into a spin [k + 1/2] representation. If w is
k—1/2. And

since there is one such class for each n we get a single copy of the representation [k + 1/2].

the Kéahler class then the j% on the cohomology class w™ is given by n —

A more interesting example in which both the left and the right spin content is non-
trivial is given by the curve 2B + 2F, the canonical class of the Fy. This is a genus one
curve and therefore the corresponding moduli space will admit non-trivial SU(2)z, action.
To determine the spin content from the partition function we will have to expand it to order
Q3

In this case we get

1 7 )
S NUEIR (i1, jR) = <§,4> + <0, 5) + <0, 5) :

JLJR

, take the log of the corresponding expression and subtract multicover contribution.

(4.31)

To see that this is the correct result note that the moduli space of 2B + 2F together with

its jacobian is give by a P7 bundle over P! x P!: pick a point in P! x P!, the moduli
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space of curves passing through that point in the class 2B + 2F is given by P”. Thus the
diagonal SU(2)r, x SU(2)r action which just the Lefshetz action is given by

O-00-0=@¢)

Note that since 2B + 2F' is a genus one curve the corresponding jacobian is also genus
one and therefore j;, can only be 0, % From this restriction on j;, and the above diagonal
action we see that the unique left-right spin content is given by

<%,4> + <0, ;) + <0, g) : (4.33)

exactly as predicted by the partition function calculation.

It would be interesting to generalize the notion of topological vertex to depend on two
parameters ¢i,q2 instead of just ¢. In a sense from [ff] we already have a prediction for
what this should be when two representations of the vertex are trivial.

5. Partition functions from the topological vertex

In this section we determine the A-model partition functions for the various CY3-fold ge-
ometries we discussed in the last section. The genus zero contribution to the partition
function determines the prepotential of the corresponding gauge theory realized via geo-
metric engineering.

The partition functions are determined mostly using the topological vertex® [1J]. How-
ever, in some cases it is easier to use the Chern-Simons theory [53-F3).

We will discuss in detail the partition function of the CY3-folds which realize the U(1)
and U(2) theory with an adjoint hypermultiplet as well as the CY3-folds which realize
U(1) and U(2) theory with 2 and 4 fundamental hypermultiplets respectively. We will also
give the expressions for the case of corresponding U(N) theories using the Weyl symmetry
present in the geometry.

5.1 U(/V) with massive adjoint

51.1 N=1

We start by discussing the case of 5-dimensional U(1) theory. The geometry of the cor-
responding CY3-fold is encoded in the (p,q) 5-brane web diagram shown in figure R9(a).
Given the web configuration we can proceed with the partition function calculation. Using
the topological vertex techniques [IJ] the partition function in this case is given by

Z(T, T, q) =y e T2 (1) Zp(Ton, q) , (5.1)
R

®In this section we will use slightly different expression for the topological vertex than eq. (ft.19). Let
us denote the expression given in eq. () by CryRoRs(q) then in this section we will use Cr, ryrs(q) =
(—1)fr1 Ry HeRg g=(PRry toRy +rRs) /20 pop (g71). Since gluing rule involves taking the transpose, which
gets rid of (—1)2Rq“R factors, and the closed topological string partition function is invariant under g — ¢~ *

therefore both expressions give the same result for geometries with no branes.
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R1

Figure 29: The web diagram for U(1) theory with an adjoint field.

where

Zr(Tp,q) = Y e (=) Cy pu 5(@) Ca gy (4) - (5.2)
Ry

The two Kéahler parameters T' and T,, are related to the coupling constant of the gauge
theory and the mass of adjoint hypermultiplet respectively,

QT — e—T—Tm — e27ri7'7 (53)
Qm = e Tm = Pm
The partition function Zg(7T,,q) can be determined using the expression of the topological
vertex in terms of the Schur and skew-Schur polynomials derived in [p6] and given in the

last section. Let us denote the Young diagram corresponding to R and Ry by pr and pg,
respectively. Then Zg is given by,

Zr = sp(a " )sr(a7") ) Qi (~1)'m spe (a7 ") sry ("), (5.4)
R
= sr(g7")sre (@) D sy (= Qg m ) sy (g7H777),
R

where in the second equation we used the fact that sg, () is a homogeneous function of
degree [r,. Now using the identity

> spe(@)srly) = [[(1+ ;) , (5.5)
R ,]

we immediately get

Zr = sr(q ")spe(q™") H (1 - qu—ui—pi—u§—pj> 7 (5.6)
ij>1
= sn(a)sne(a™) T] (1= QumaF 5571
i,7>1
= sr(q ")sri(a?) [] (1 - quk+1)k+1 I1 <1 _ quh(i,j)) (1 _ qu—hm)) ,

k=0 (i.j)eR
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where
hgr(i,j) = pri —J + pgej —i+1 (5.7)
is the hook length and we have used the relation

S g ) — _q 2+fR7Rt<q>=( s+ > (D) (58

i=1 9 (if)eR

frr(a) = q_l(q ~ 12 fr(q) (@) + fr(Q) + fri@), fr(@)= > ¢/

(3,7)€R

Thus the full partition function is given by (Q = e~ 1)

ZZH(l—qukﬂ)kJrleéR DR sp(qgP)spe(q H ( —Omd" J)( — Qg ,J>
k20 (4,7)ER
Using the definition of sg(¢7") = (—1)*2Cgt 44 We get

= - _ h(isj h(i,
Z:H (1—quk+1> ZQZR(—l)ZRqZ(i,j)ERh(M) (1 Q@mg )( ?)2q I )
) .

k+1

)

k20 R (i)ER (1— g

L0 g T G0 g

I (5.9)
k>0 R (i,j)ER (1 - g"t:9)

The first term in the above expression gives the perturbative contribution to the gauge
theory prepotential. The instanton part of the above partition function is given by

1= Qumg" ) (1 — Qg 1)
Zins = QZR ( _ i . (510)
t ER: (i,jll}z (1 — gD (1 — g=hGd)

This is the 5-dimensional partition function. To obtain the partition function of the 4
dimensional gauge theory we take the limit 3 — 0 such that ¢ = e 5,

, h(z,7)e + m)(h(z,j)e — m
e | | (h(i.J) J(reh(z,fj)()2j) ). (5.11)

(i,3)eR
which agrees with the results of [57].

From Chern-Simons theory. We can calculate the above 5D partition function from
the Chern-Simons theory also. The advantage of this approach is that we get the infinite
product structure of the partition naturally.

Let us briefly review the calculation of the A-model partition function using geometric
transition and the Chern-Simons theory following [[J]. The geometry we are studying
admits a geometric transition, i.e., if we take the length of the internal line in the web
diagram , given by T;,, to zero we can separate the two lines of the web diagram in the
direction transverse to the plane in which the web is embedded. This is a complex structure
deformation of the geometry. Since the lines in the web diagram are the loci of degeneration
of the torus fibered over the plane of the web hence when the line are separated from each
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other we get an S3. Locally this is exactly the conifold transition the only difference being
the globally the geometry is different from that of a conifold. The closed topological string
partition function of the geometry we started from is given by the topological open string
partition function of the geometry obtained after the transition. In the case of the conifold
the open topological string theory partition function is given by the partition function of
the U(N) Chern-Simons theory on S3. The coupling constant, k, of the theory and rank
of the gauge group, N, are related to the size of the P! and the string coupling as follows
2w

- N+k
But for our geometry there is an extra subtlety because of the compact circle with boundary
on S%. As discussed in detail in [[Z, 5 the CS action is modified if there are finite area
holomorphic maps with boundaries on the three cycles. In the case of such a holomorphic

Ty = NXg, As

(5.12)

map the CS action gets modifies by the operator

o(r) =Y =L TU" V", (5.13)
n=1

= log (Z QfRTrRU TrRV> .

R

where U,V are the holonomies around the two circles of the annulus. In the case at hand
U = VL. Because of the geometry of the annulus in the target space we also have extra
winding numbers. Thus the operator that modifies the CS theory action is given by

i O(kr) (5.14)
k=1

Thus the partition function is given by

Z = / DA ST 067) = ((Ep 06 (5.15)

_ Z Q2 k=1 kLR, <H TI‘RkUTI'RkU_1> ’

Rio,... k=1
= 3 QF T (T g UTre, U™

Ripo,...

1 N 2 ket kR, S LR
= S.o (Q7q ) Z QT (_1) k k W®kRk®Rkv’ (Q7q )
Ry,
Wr.el(q, ¢) is the quantum dimension of R,

q(j—i+N)/2 _ q—(j—i+N)/2 o . )
WR,O = H th(i,j)/2 — q_hR(i7j)/2 ) hR(Zvj) = HURi — + KRt —J +1. (516)

and S, is the perturbative contribution to the partition function,

Sl = ﬁ (1 - q’f—N)k : (5.17)

k=1
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The partition function can then be written as

Z:=5" H Z QMr(—1)'r Wy (q,qN) Wgr (q7qN) ) (5.18)
k=1 R

= [I > Q-1 W (a.4") Wr (a.4")
k=1 R

where
K@) =Y Q" (=)W (¢,¢") Wr (¢,4") (5.19)
R
o - Qn nN nN
=exp | =Y Wg (¢",¢"") Wg (¢".a"") | .
n=1
2
0 Q" qu/2 _ q—nN/Z
= exp _nZ::l?< qn/2_q_n/2 )

o < ((1—gHNQ) (1— ¢ +1NQ) r+1
= Q),EO< -7 0-770Q ) |

Since Q,, = e~ Tm = ¢~ the full partition function is given by
(5 N N\ 1T (007 Qn@E) (1-q7Q5108)
Z‘<H (- Q7)><H (1) ) 11 ( T-aQha-gqy ) O

k=1 k=1 k=1

The above expression agrees with toplogical vertex computation, eq. (B.9), except for the
first term, []72;(1 — Q¥). The reason for this is that in calculating the partition function
we neglected the contribution coming from the annuli which does not end on the three
cycle so that U,V are trivial. The contribution of such annuli is given by

O (R (5.21)

R k=1

which cancels the first term in eq. (5.20). Thus the Chern-Simons computation agrees with
the topological vertex calculation and moreover it naturally gives the partition function as
an infinite product.

Partition function of the 6-dimensional theory. Now lets consider the case of ge-
ometry giving rise to 6 dimensional gauge theory with massive adjoint. The corresponding
web diagram is shown in figure B(] below. The partition function is given by

¢ ¢
7 . Z QZRQle Qrfl(_l)gR-l-le-l-ng CRRy Ry Che RL R 5 (5.22)
R,R1,R2

=) Q"(=1)"" Zr(Q1,Qm),
R
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Ro

Figure 30: The web diagram of the 6-dimensional adjoint theory.

where

V4 l
Zr(Q1,Qm) = > @, Qm (=1)'" %2Crp, g, Cpe gy gt (5.23)
Ri1,R2

Using eq. ([.19) Zg is given by

Cr. b e L
Zr = sr(q"")spe(q E Q" Q> E Skt Ry (A" P)SRy Ry (qHRTP) | (5.24)
Rl,Rz

Z st/R4 (q_uRt _p)sR’i/R4 (q—/JR_P)

_ _ _ 14
= sr(q ") (@) Y Sry/ry (@7 PSRy s (71 RTP)Qm (—1) s
R3,R4

Z SRy /Ry (—Qma "7 P )s gt g, (aHF7P)
R

Using the identity ([BJ] page 93),

> swym @) = [[0+20) 3 s 5@)s50 700 (5.25)
R i\ R
we get
Zr = sr(q ")spe(a ") [J(1 = Quma"207) (5.26)
,J
Z QZRQ Z +£R2 SRt /R(q—,U«R—P’ qu“R—i—p) SRQ/Et (q_uRt_p7 qu“Rt—i—p) .
Ry.R
Where
Sr/R, (T,Y) ZSR/R4 T)SRy /R, (Y) 5 (5.27)

— 49 —



The sum over Ry and R can be determined exactly using the following identity ([BJ], page
93),

Z Ql{AQgB(—l)Z“ZBSA/Bt (z,y)sat/B(2,w) = (5.28)

00 ” (1 — Qk wzzj)<1 — Qk wzw])(l - Qk 2 yizj)<1 - Qk 2 yiwj)

e (1-QQ5)
Zp = SRC)SRC") T (1 - ~halis) 5.29
"= M- otgy 1L (- @n ) o

4,3
o0
H H (1 — Q'f@fn—lq—hzz(l,])) (1 — QkQk+1ghr(i) ) < — QkQk grriTPIT R ; +p])
k=1 i,j
(1 _ Q?Q%q—ﬂm,i—ﬂﬁ-uaﬂ-ﬂj) )
The above expression can be simplified using
H (1 _ Q?anq_ﬂR,i_PH‘MRt’j‘f‘Pj) (1 _ Q’fQ’:nq_”Rt,i_pi"'”R’ﬂ'pj) = (5.30)

2

1
1_][ (1 - QiQka") (1 - QIQL" ) -

to obtain

P SR(q"’)th(Q"’) 1 — Q,qhrlid) 5.31
1 - chzk L 0D) (1 - Qg )
H H — QkQk g=hr(ij ) (1 - Q’fQ%th(iJ))

k=1 1,5

1— Qg @) (1 - Q,,q~ "B
= Zo(-1)" DI;IR ( (1Q_ Zh(u); El — f—h?ﬂ)) ) (5.32)
ﬁ (1-QrQmd"®) (1 — QEQumg™ ™)) (1 - QQ ")) (1 - QFQ; g ™M)
pie (1 _ ngqh(u))2 (1 . Q];q—h(D))2
Where Z, is the perturbative contribution to the partition function and as discussed

before Qp = Q1Qm,
[ele] , [ee] _ kNn—1,r+1 1— Qkaq—r—l) r+1
Zy = 1—Qpn r4+1\7+1 (1 Qme q ) ( P ) 5.33
M- e (12 G o o

Thus the instanton part of the partition function (which is zero for @ = 0) is given by

— h(0) —Q-1gMDO)

R OeRr (1 - qh(D))2
H — QFQmd" ) (1 - QEQumg ™) (1 - QkQ; " ™)) (1 - QFQ; g™ "))
(1-Qkg"@)* (1 - Qbg"@)?

)

9
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Figure 31: The web diagram of the 5-dimensional U(2) adjoint theory.

Note that for @, = 1 i.e., m = 0 the full partition function is given by

qk+1)k+1

=l gma oy (5.35)
k—O T

51.2 N=2
In this case the geometry is shown in figure B1l The partition function is given by

_ Ar, +L B
= Z QZR‘FZRQWIEI Ro Q?S(—1)5R+£R+£R1+ZR2HS CRt
R,R,R1 2,5

_ Z QZR-M ZR-MRK (Qma Qf) ’

o1 Cst R RCRr s m, Camt 0

(5.36)

where

#(Qm, Qp)= ZQ% R QU (1) mt et Oy Cipy wCu 5 3y Ca s 7 - (537)
R1,2,8
Using the identities involving the skew-Schur functions the above partition function
can be written as a sum over R, Rof a product involving @Q,, Q. However, we will use a
simpler method which makes use of the fact that the geometry has only a few holomorphic
curves which can contribute.
To determine K R, 7#(@m, Q) note that in the limit Q; — 0 it is clear from the geometry
(figure B)) that we get two copies of the partition function of the U(1) theory therefore we
can write K 7 as

) <H<1 Qma ’““)M))< Qs [ AZ@md" ™) (L=Qn'a")

NN
(i.))eRR (1—¢"9)

o0 n n 2\
exp <Z %fl(qn) + 7(Qf§m) fa(q") + 7(Qf§m) fg(q")) )

n=1
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Here, the three terms in the exponential correspond to the contribution of four holomorphic
curves in the geometry. There are three terms rather than four since we are taking the
area of the two exceptional curves to be equal to T;,. The contribution of the two curves
which are locally like the conifold is given by the prefactor in the above equation. The
coefficients f;(¢) can be determined from eq. (5.37) by expanding it to linear order in Qy,

_CD-R Cﬁtuo _ _WRD Weig _ q

fl(Q) = C..R C]fzt.. WR ngt - (1 o q)2 - fR,Et 3 (538)
falq) = =2f1(q)
fs(a) = fi(a),
where we used the identity
Co R1 Ry — WRle qHR2/2 . (539)
1— Qg (1 — 1 h(i,5)
KRE(Qman) = Koo (_Qm)glﬁ—zﬁ' H ( Omg ) ( O a ) (5.40)

()er. R (1 =gty

H <(1 —Qsd") (1 - QrQ2%,4") ) CrRH)
A (1 - QsQma")?

)

where >, Cp(Rq, R2)q" = fr,Rr,(q). Kee contributes to the perturbative part of the parti-
tion function,

0o k+1

Ke=1]] ((1 - quk+1)2<1 - quk+1) (1-QsQ) (1 — Qmeqk+1>_2> (5.41)

k=0

Define Qr = QQm = e~28 where a is the Coulomb branch moduli, then the full partition
function is given by

_ h(@.5)) (1 — Q- gh(E:d)
7 = Ko (QQm)"*% ] U2 U 9ud ™) ()

R (i)e R (1 —gt)’
H <(1 _ QFlelqk) (1 _ QFquk)>Ck(R,Rt) |
k (1 - QFqk)2

Using the following identity [[72]

K —K O ] ﬁ R . Y 1
H(l _qu)_c,k(RhRg):(4$)_(ZR1+ZR2) - Ry "Ry H Sinhg (2a+h(p1,; — po,j+7—1))

2
A =1 Sinhg(Qa + h(j —1)

where z = e 2%% and ¢ = e #" it is easy to show that the above partition function agrees
with the results of [F7).
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Figure 32: The web diagram of the 6-dimensional U(2) adjoint theory.

Generalization to the case of U(NV) is simple using the corresponding web diagram
discussed in section 3 and the Ay_1 Weyl symmetry present in the geometry,

I (1= Qmd"™)) (1 - Q'g")
(1 — ghtin)?

Tinst =, (QQu)"1 TN (5.43)

Ri,...RN (i7j)€Rly2 AAAAA N
II 11 <(1 ~Qr,Qn'd’) (1~ Qr,@nd") ) o
(1-Qr,d*)’

1<i<j<N k
Where QF,;, = e~ Blai=a;),

Partition function of the 6-dimensional theory. The geometry giving rise to 6 di-
mensional theory is shown in figure BJ. The partition function is given by

L tr+e= 5 A R1TRy Alsi 1 \eR+Es+LR, +oRo+Hos+H0a N o
Z: = ZQ Q1 Qum QF(—1)frHtattn Fhn, SCrigr, CstrtRC s R, Ot me o

R,R,5,R; 2,5

=3 QU R(—1) " HRE L5 (Qm, Qr, Q1)
R,R

(5.44)
where
ICRR(va Qf7 Ql)

Cry Ry ~ls A5 Cr, +lp, +ls+ls
= Z Qn?l R2QfSQ15(_1) R1+R2+S+SCRthlCSthlRCRtSRgcgthf%‘ (5-45)

R1,2,5,5
We can write K5 as
ICRE(Qmququ) . s w
Kpi(QmrQp Qi =0) 0 n; T fuk(@n Qa) | - (5:46)



Figure 33: The web diagram of the 5-dimensional U(1) theory with two hypermultiplets.

The coefficients f, ; can be determined easily by comparing the above expression with
eq. (b.48). It turns out that f,, j is independent of k and has the form

fok(@Qm, Qf,q) = f(Qr, QF, ") (5.47)

The function f(Qm,Qyf,q) is given by

fQm;Qr,q) =1 - Qyfppm — Q;lthg +2QQmf i (5.48)
2(QfQm)  frip—QrQifrp — (QfQ%n)_l thg—(Q—Qm—Qr_nl)(fR,Rt(Q)Jrf,}ﬁt(Q))
4 - 2 _ > L >

(e <Qf+Qf om0 QQm+QfQ o, ')

It is easy to see from eq. (p.4) and eq. (p.4§) that the partition function of the 6-
dimensionaltheory is given by the following substitution in the corresponding 5-dimensional
partition function,

R O | e R

5.2 U(N) with Nj = 2N
5.2.1 N =1

We start by discussing the case of U(1) theory with two hypermultiplets in the funda-
mental representation. The CY geometry which gives rise to this theory via geometric
engineering is well known and is blowup of T*P! x C at two points. The toric geom-
etry of this CY space is encoded in the toric web shown below (for more details about
toric web see [B9, F4]). Since this geometry is so simple it is possible to write down the
partition function almost without any calculation using expression for the free energy in
terms of integer invariants [0, [[J]. The only holomorphic curves in the geometry are
B,E\,Ey,B — E1, B — Es, B— E; — E5 with integer invariants [p4]

NY, = N]%_El_EQ = —04.0, (5.50)

9 _ NY —
Ng, = Np_p, = 0g0-
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It is easy to derive the above expression from the definition of the integer invariants. To
see this note that the curves F; and B — FE; are rigid and therefore the corresponding
moduli space is just a point. On the other hand the moduli space of B and B — E; — F»
is C. Hence, since the genus zero integer invariant of a curve C with moduli space M
is (—1)dime(M) therefore Ny = Nj_p 5 = —1 and N%Z_ = NJOB—Ei = 1. Thus the
instanton part of the free energy is given by

e QAT A QPN QRN QPN
= 2—:1 n(qn/2 _ q—n/2)2 ’

(5.51)

where Q, = e~ T, \; = ¢’Bi and T, T, are the area of curves B and E; respectively.

F

The partition function Z = e can be written easily using the multicovering structure

of the free energy and is given by

2 - 2 [ A;lqu‘”:l)k“ (1- /\Q_lquk+1):+11 | (5.52)
i=o (1= QugE )" (1= QAT AT g +1) ™™
where
s k+1 k+1
Zyer = [T (1= A7"¢") <1 A (5.53)

k=0
and gives the perturbative contribution to the prepotential in the 4D field theory limit
because in this limit 3 — 0 such that

A 2
Qp = <%> c N = ePmi ) gBh (5.54)

The partition function of the pure 5D U(1) theory is recovered in the limit A\; — oo.

For the U(1) theory we are discussing we saw that the corresponding geometry is
simple enough to allow us to write down the partition function directly. However, for
U(N) with N > 1 the corresponding geometries are such that the partition functions can
not be derived so easily. For this reason we now derive the partition function using the
open-closed duality via geometric transition [54] since this method can be extended to the
case of geometries giving rise to U(/V) theories with Ny = 2N. The geometry shown in
figure B4 has two exceptional curves F; 5 with normal bundle O(—1)& O(—1) and therefore
the geometry in the neighborhood of these curves in that of resolved conifold. Thus these
curves can be shrunk and deformed into two three cycles which are topologically S3. The
A-model partition function is then given by the partition function of U(N7) X U(N2) Chern-
Simons theory on the two three cycles modified by the holomorphic maps between the two
three cycles as shown in figure B4 below. The partition function in this case is given by

7 / ¢ Ses (A1) +8es(A2)+O(r) (5.55)

Here, Ao are the U(V;2) gauge fields on the two three cycles respectively and O(r) is the
contribution from the annuli shown in figure B4 of length 7,

O — Z e "R TrrU; TrrUs (5.56)
R
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Figure 34: Transition from closed string geometry to open string geometry by a geometric tran-
sition.

where U 5 is the holonomy of A; s around the two boundary components of the annuli.
Thus the partition function is given by

Z = e " r(Trplh /(Trpla), (5.57)
R
= (S oo(a: M) (S ool A2) Y e " m Wr(g, M) Wa(g, Aa)
R

where (TrrUs 2) = (S™Hor(q, A12) = (S0 Wr(g, A1,2) and

A o
Wr(g M) =[] [‘2 . ].AZ, [y = ¢%/2AY2 — g2\ 12 (5.58)

(i,J)eER
N;

is the quantum dimension of the representation R with A\; = ¢ Thus the partition

function is given by

Z = Zpert Z Q" Wr(q, M) Wr(q, X2), (5.59)
R

= Zpert Zinst

where @ = e™" and Zpert = (S )00(g, A1) (S71)oo(g, A2) gives the perturbative contribution
to the prepotential in the field theory limit such that A; = e®™. In terms of the 4D gauge
theory 8 — 0 and

pAY?
Qviaide =5 ) (5.60)
q=c )
)\Z' = 66 i,
The sum giving the partition function can be evaluated to get a product formula
o

k+1 k+1
Zpert = H (1 - )‘l_lqk+1> <1 - >‘2_1qk+1) ) (5'61)
k=0
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Figure 35: The web diagram of the 6-dimensional U(1) theory with two fundamental hypermul-
tiplets.

and

Zinst = Y Q" Wr(q, M) Wa(q, Aa), (5.62)
R

Q'ﬂ n n n n
= exp Z?WD((] SADOWE(EA8) |,

=
RN (R e
-1 . qum)w (- %qm)m ,
S (1= A7'Qy ’f“)’“1 (1= A Qg+
:I};IO( — Qu ) (1= QAT )

where Qp = Q+v/A1 A2 and the partition function of the pure 5D U(1) theory is recovered in
the limit

Ai — 00, Q= fixed. (5.63)

It is easy to see that the above partition function agrees with the one given by Nekrasov
and with the one given in eq. (p.53).

Partition function of the 6-dimensional theory. To discuss the six dimensional case
and the corresponding geometries we will have to make toric web diagrams periodic around
one extra direction, as discussed in section 3. Consider the case of O(—1) ® O(—1) — P!
blown up at two points, i.e. the geometry we considered in the previous section. In this
case we can glue the external lines to obtain the geometry shown in figure B below.

To obtain the partition function we divide the geometry in two parts as shown in
figure BJ(b). Then the partition function is given by

Z = ZQ 1) P KR(Qmy» Q1) Kt (Qus» Q1) 4 (5.64)
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where

¢
Kr(Qm Q1) = > QP Qu (=1 Cogi g Crypes s (5.65)
R;,S

= (=1)"Rsp(q") Z QﬁsQi{b‘il (= 1)t s

S, Ry

> ss/ra (a7 )55t R (0 ) s gt yry (47

P)spi /Ry (@ HETP).
R3,R4

Summing over R; we get

Kr = (=1)"sp(g ") [J(1 — Qug i =rr3) (5.66)
i,j

l —
ZQisanzx (_1)£R4+ZSSS/R3 (q

?)sstyr (4 "7 0)s gy sy (= Q@ma ™" )s Ry yre (a77) -
S,R3,R4,R5
Simplifying the above expression by summing over R34 gives

Kr = (—1)"%sr(q") [J(1 — @mg#7ir=r3) (5.67)
2

Y4 _ _ _ _
D QEQm (—1) 5 s g p (g7, Q" )55t 1y (47HF TP, Qg ")
S,R
Using the identity eq. (p.2§) we get

K = (=1)"sn(g) [[(1 = Qua=# )

(5.68)
i.J
lo—O[Hi,j(l _ lec g THRE TP ] Q];q—Pi-H)j)(l — ngqum,ﬁm—um,j Pl — Q];quNR,iJl‘pi'f‘pj)
1 Y .
11 (1-QF)

The above expression can be further simplified to”

) iy (17 (= Q') — QFQmg™)
Kr=Ke(-1)"sr(qg7") ] 0= Qma™) (] i
* )l )(i,j)eR( @) <k:1 (1 - Qkg"n:D)(1 — Qkq _hR(M)))

where Cq is the perturbative contribution

00 (1 —Q Q 1 7”+1)T+1( _Qkaq—r—l)H—l
]Co Qm - 1— qur—i-l rl L L (5 69)
@) =111 (I G g e
Thus the full partition function is given by

Qm1q]_2)(1 - szql_j)
Z = Keo(Qmy ) Ko(Qums) Z Q" . 11}2 (1= ghrlD)(1 — g—hrlid) (5.70)
irj
= (1 0kl )1 - Q41— QL)1 — Qhut )
Pt (1= Qpghr(:))2(1 — Qhg="n(hD))?2 '

The 5D limit is given by ) — 0 and the 4D limit is given by 8 — 0

This simplification requires the identity: 3, ; grRitPites — %11)2 + 2 G)er 7"
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Figure 36: a) The web diagram of the 5-dimensional U(2) theory with four fundamental hyper-
multiplets, b) the corresponding open string geometry obtained by geometric transition.

5.2.2 N=2

The Calabi-Yau geometry giving rise to this theory is shown in figure below. The
partition function for this case was calculated in [f4] and is given by

Z =) Q3 QEQEQEWR R )Wrirs (A3, ) Whsry (A2, )Wy, (M, q)
Ryi23.4

where

=T, =T
QBl,z =e P12 ) QFl,z =e 12 ) A1,2,3,4 = et1’273’4 . (571)

Tg, and Tg, are the lengths of the annuli shown in figure B(b) and ¢, are the area of the
four exceptional curves and

WR1R2 = Z N}}%%1R2q%(HR_HR1 _HRQ)WR . (572)
R

The partition function can be written as Z = Zpert Zingt Where Z,er is the perturbative
contribution to the partition function and Zj,g is the instanton contribution. From the
discussion of section 3 it follows that the instanton contribution arises from the terms
involving @p, ,. In the following we will focus our attention on the instanton contribution

only.
To determine the partition function note that it can be written as
Cr, ~LR.
7= QprQpGrir,(Qr, M, A)GR Ry (Qry My As) (5.73)
R1,R3
where
Grira(Q, A1, 22) = Y War(g, M) Wrr, (¢, A2) Q™ . (5.74)
R
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As discussed in [f4] before the Hopf link invariants Wg, g,(),q) are given by Schur func-
tions, sp(z). Using the identity

> sr(@)srly) = [[(1 - Quiy;) ™ (5.75)
R

2%
= Exp (Z %f(xn7yn)> , flz,y) = Zwiyj .
n=1 2

we get

Griry (Q, A1, A2) = Wr, (¢, \1)Wr, (g, A2)Exp (Z %FRIRQ(Q",A?=A§)> , (5.76)
n=1
The function FF172 can be determined easily by expanding eq. (p-74) to first order in Q,

.o A A
PR _ po — /XN frim, — \/A—ijz —~ \/A—;fm (5.77)

Where the function fr and fr,r, are given by

frle) = > @7, (5.78)

(i,3)eR
friry(Q) ==Y Cu(Ry, Ro)g" = (g + ¢~ — 2)fr, fry + fry + fro -
ks

Using the above definitions in eq. (p.74) we get

Cr(R1,e) Cr(Ra2,e)
(1 -ye)  TL(-ayEQ)
[T, (1 — gbv/AAeQ) + ) '

GR1R2 (Q7 /\17 )\2) = GOO(Q7 /\17 )\2)

The full partition function is given by

Z = Zpert Y Q% QE Whr, (4, 7:)Wry (4, X2) W, (¢, A3) W, (¢, M)
Ry2

Hk<1—qk %QFDC’k(Rl,O)(l_qk i_fQFl)C’;c(Rz,O)O_qk i—zQFQCk(R%.)(l—qk %QFQ)C;C(RL.)

[T (1= ¢*VARQm ) ) (1 - gby/AgXaQp,) )

Y

(5.79)
Define the renormalized Kéhler parameters T3 ¢ of the base and the fiber P!,
Ty, = T, — %(tl + ), (5.80)
T, = Ty g(ts + 1),
Tr, = Ty — 0 +12),
Tp, =Tf — %(tg +t4) .
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Figure 37: The web diagram of the 5-dimensional U(V) theory with 2N fundamental hypermul-
tiplets.

Then in terms of the renormalized parameters we get (Cr(R) = Ci(R, o))
1nst - ZQZH_ZzZRI R2H(1 q )‘ )Ck(Rl)(l qk/\ le)Ck(R2)(1 q_k)‘ )Ck(R2)
Ri2 k
(1=g"A Q) (1—gFag 1) OrH2)
(1—"A5 ' Q) e (1—gF A 1Ok (1— g A1 Q ) O (2)
(5.81)
Where

20 _ _ Cm(9)°Cry(9)’
RiRy Hk‘(]‘ _ qu)Ck(Rl,RQ) ’

The renormalized parameters are define such that in the limit A\; — oo we get the partition

(5.82)

function of pure 5D gauge theory, i.e. the A-model partition function of local P! x P!,
To obtain the partition function of the 4-dimensional gauge theory we have to take
the limit

Qf:e_%ﬁ, Aa=ePMa g=eP B0. (5.83)
In this limit it is easy to show that eq. (5.83) agrees with the results of [§]. The case of
Ny = 0,1 was discussed recently in 9.

U(N) with Ny = 2N. The Calabi-Yau geometry in this case is shown in figure B7
below. The partition function can be calculated using either the topological vertex or the
Chern-Simons theory. We just state the result which can also be obtained from the Weyl
symmetry present in the geometry and the result of the U(2) partition function calculated
before. In this case the partition function is given by

—ZQ QB KRy oy NN, QEy, ) KRy ANt 0N, Q-

(5.84)
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where

KR1'~~RN (Al,...,NaQFl,...,FN) = H GRiij (QU’)\Z’)\)) ’ (585)
1<i<j<N

where Q;; = fg: Qf,- Define

Qij = QF,;/VAiNj, (5.86)
Qp; = Qv/\V/ANidN+i-

Then we get

N _ .
7 = Z Qgﬁ'”MNZg)l),...,RN H H (1 _ qk)\i_l)ck(&) (1 B qh\ffzv) Cr(Ri) (5.87)
Ry, N

1,..., =1 k

_ Cr(Ry) _ Cr(R;)
1<i<j<N k
_ Cr(R;) _ Cr(R:)
X (1 - qkAN{HQFz‘j) <1 - qkAN{i-jQFij> :
In the limit A\; — oo we get the partition function of the pure 5D SU(V) gauge theory with
zero Chern-Simons term.

6D case. In this case the partition function can be calculated from the geometry shown
in figure B§(a) below. To calculate the partition function we will slice the geometry in two
parts (shown in figure B§(b)) and after calculating the partition function of each part we
will glue them together. If we denote the partition function of the geometry in figure Bg(b)
by KRg,..ry then the full partition function is given by

Z = Z Qlél T Q%VN KRI“‘RN (QF1,2 ,,,,, N> )‘17---7N7 q) KRI"'RN (QF1,2 ,,,,, N> Ai+ N, Q) (5'88)

In calculating Kpg,...r, we will have to take into account the contributions from annuli
which start and end on the same three cycle and wind around the circle arbitrary number
of times. Also contribution from annuli which start and end on different three cycles after
winding around the circle arbitrary number of times have to be considered. It is easy to
see that

N Zk21 klR(i)
Kpy-ry = Z Z Qo ’ ", RV @R R
=R
Zkzo klR(ij) ZkZOIR(ij) (5'89)
X Z QT k Qij k WHk R](jj)vRi WHk R}(jj)’Rj .
i<ij(()l;J1.),2,.A.

Using the above expression in eq. (p.8§) we can evaluate the partition function as a series

in Q.
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Figure 38: a) The web diagram of the 6D U(N) theory with 2N hypermultiplets, b) the half of
the web diagram used to calculate the partition function.

6. Instanton moduli spaces and partition functions

The most direct connection between geometric engineering and the gauge theory perspec-
tive appears in 5 dimensional theories with geometry R* x S!, where we view R* as space
and S! as the Euclidean time with radius 3. In particular consider M-theory on X x R* x S!
where S! has radius 8 in M-theory units. Let EM denote the Kéahler moduli of CY in M-
theory units. Assume X is such that it engineers an N/ = 1 supersymmetric U(N) gauge
theory in 5d. Moreover consider breaking U(N) — U(1)"V by going to a generic point on
Coulomb branch given by Kihler moduli . The Yang-Mills coupling constant is

1

2

=1, (6.1)
9ym

where T’ g[ is the Kéahler moduli of the base measured in M-theory units. Instantons are
BPS particles of this theory and they can carry U(1) charges. The BPS mass of such an

instantons is given by
m = kTH +na | (6.2)

where k denotes the instanton number and n; denotes the U(1) charges. Compactification
on a circle of radius (3 lead to computations of the form

Tr exp(—FH), (6.3)

where for BPS states
BH = pm = (kTg + niaZM) . (6.4)

— 63 —



From the perspective of 4d type IIA string on CY, this can be viewed as computing the
partition function of topological string because the metric, or Kahler form, as measured in
type IIA strings and M-theory differ by

Bkn = ki, (6.5)

thus fm = B(k‘Té‘{I +niaf\4) = kTg +niaiH. This explains the fact that from type II string
perspective the topological string partition function was related to Trexp(—7") where T
measures the size of the cycles in type ITA units. Thus topological string partition function
for type ITA strings can be viewed as an M-theory partition function on a circle, or a 5d
gauge theory BPS partition function on a circle. Thus the second quantized partition func-
tion of BPS states we have computed in the context of topological string should be related
to some suitable partition function of second quantized BPS states involving instantons
of the gauge theory. This then makes contact with the work of Nekrasov [{] where he
developed an instanton calculus precisely for such cases. The link between the topological
string computations and the 5d gauge theory computation of Nekrasov has been proven
in [[2, [1]. Our main aim in reviewing aspects of it here is twofold: First we want to gener-
alize these to gauge theories in 5d involving adjoint fields. secondly, we wish to generalize
these to 6d gauge theories compactified on T?2.

Before describing the calculations in detail we first make some general comments about
the meaning of the “instanton partition function”. In the conventional setting charge k
instanton effects are calculated in terms of a zero-dimensional (matrix) supersymmetric
sigma model with the k-instanton moduli space of U(N) My n as target (see [Bg]). The
exact details will be somewhat different for the theory with an adjoint as opposed to funda-
mental hypermultiplets. The sigma models are coupled to various isometries of the target
space. Firstly, to the abelian subgroup U(1)Y C U(N) of the global gauge group which
acts on My, n. This gives coupling which depend on N parameters which are identified
with the VEVs a; of the parent theory. These coupling imply that the integrals over 9, n
localize over fixed points of global gauge transformations. In particular, the fixed-point set
consists of the moduli space of point-like instantons [59, pd]. This is still a complicated
space to integrate over. The additional insight of [F7] was that if one, in addition, cou-
pled to isometries corresponding to the abelian parts of the Lorentz group, involving two
parameters €; and €, then the fixed-point set becomes discrete. The instanton partition
function can then be expressed as a sum over these discrete points and each contribution
is a ratio of the usual fermionic and bosonic fluctuation determinants.

If we now lift the theory to five-dimensions compactified on a circle, instantons in four-
dimensions are now solitons in five-dimensions whose world-lines can wrap around the circle.
The instanton partition function now involves quantum mechanics on the instanton moduli
space and due to the couplings to the isometries defines an equivariant generalization of
an index on My, . The localization techniques are still valid the only difference being that
the fermionic and bosonic determinants now include a product over all the Kaluza-Klein
modes of fluctuations.

81n the following we shall for the most part make the simplifying choice €; = —ea = €.
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We will also be interested in F-theory compactifications on elliptic threefolds times a
T2. From the viewpoint of 6d theory, we now have a 1+1 dimensional sigma model from
T? to the instanton moduli space. It is now clear that whatever index one is computing
will be replaced by the corresponding elliptic index, where the complex structure of T2
will enter the elliptic index. We will discuss this in more detail below in the context of our
main example which is the mass deformed (1, 1) supersymmetric theory in 6D compactified
on T? (giving N/ = 2* in 4D). In this case the localization procedure naturally involves
replacing the weights of the circle actions z; by its elliptic generalization 91(%xi| p).°

6.1 Calculation of 5D partition functions

In this section we use the instanton calculus to compute the mass deformed N = 2* BPS
partition function in 5D. As has been shown in [ff] the relevant index computation involves
the x, genus of the instanton moduli space.

For a closed complex manifold 90, its x, genus is defined as

Xy(O) = > yP(=1)Pdim HI(ON, APT*OR) = yPx (I, APT*N) (6.6)
p,q>0 p>0

d
.
= [ chA_ T*sdesmz/ 1—ye %) —2L |
fenasrsmraen = [ 10 -2

where {z1,...,24} denote the Chern roots of T9, the tangent bundle. If 9t has a torus
action with isolated fixed points {pi,...,pn} and weights {w;1,...,w; 4} at p; then it
follows from localization theorem

n H?:l(l _ ye_wi,j)L

) =3 o (6.7)

i=1 j=1 Wi,j
B Z 1—e Wi
i=1 j=1

For the case we are interested in, M = My, N, y = e~ ™ and the fixed points and weights
at each fixed point of 90, v under the U(1)" x U(1) x U(1) action were calculated in [§, [/
The group U(1)" x U(1) x U(1) mentioned above is the Cartan of the gauge group and the
spacetime rotation group. The fixed points of My, x are in one to one correspondence with
the partitions of k£ into N colors i.e., the fixed points are labelled by N representations R,
of U(oo) such that

k:€R1+€R2+"'+€RN' (68)

Let us denote the corresponding Young diagrams by u’ (and the transpose diagram by u'?)
then given a fixed points of My, x labelled by (', ..., 1Y) the corresponding weights are

9The fact that this depends on only p rather than its conjugate is a reflection of the fact that only the
anti-holomorphic modes contribute: the ratio of determinants of the fermionic and bosonic holomorphic
modes cancel.
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given by [, [3-F3
Zew” _ Z eflaaa) [ 7 B e o gt (6.9)

ay=1 (,)€Ra (i.5)€ Ry

For the case of N = 1 we see that the above expression simplifies to

3 (qh(i,j) I q—h(i,j)> L h(ig) =g+ ph—i—j+1 (6.10)
(1.5)ER

Using the above weights for the N =1 case in eq. (p.§) we get

1 —yq"0) (1 — yg D)
Zk: Q"X (My1) Z Q" Z H gD ; El _ q—h(i,j))) , (6.11)

k R/lr=k (i,j)€R

-y ] “WW “u )

chtn 0= ) (L= 70)

This agrees exactly with the eq. (5.1() which was calculated using the topological vertex
if we identify y = Q.
For N > 1 using the weights given above in eq. (p.9) in eq. (f.§) we get

< —yeBlaa=—ay) qu?+u§-”—z’—j+1)

%:Q XMy n) = ZQZ“ZRH 11

_ g b ]
7777 1oy (L ePlon—an g 15 T=5)

(6.12)
(1 —yeﬁ(aa _av)q—ug-i-ut’“—i—j-;-l)

which also agrees with the U(2) case discussed in the last section for N = 2.

6.2 Calculation of 6D partition function

In this case, the instanton partition of the six-dimensional theory can be interpreted as the
generating functional for an elliptic genus of the instanton moduli space,

Z =Y Q"x(My) . (6.13)
K

The elliptic genus x(901) is defined as the partition function in the Ramond-Ramond sector
of the A/ = 2 two-dimensional sigma-model with 9t as target on the torus T2 [Rd, B1J:

X(mt) — Tr ((_1)F yFLQﬁ/OQpEOEZlN:l [liJi"rElKl"rEQKQ) , (614)

where
Q, = >’ y=e M, (6.15)

F = Fp + Fg, the sum of the left and right fermion numbers. The remaining terms
correspond to coupling to abelian isometries of 9. The charges J; corresponding to the
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U(1)NY C U(N) of the gauge group,'® while K; o are the charges corresponding to the
abelian subgroup U(1)? € SU(2), x SU(2)g of the Lorentz group of R*. Note that naively
Z vanishes if we include the right-moving fermionic zero mode on R?* which is always a
factor for My, n, and so this trace is meant with the zero mode deleted. This reflects the
same condition for BPS partition function, namely we only include the lowest component
for each BPS multiplet.

The simplest example is given by taking N = 1. The U(1) theory does not have smooth
instanton solutions. In fact one way to think about instantons in an abelian theory is to
turn on spacetime non-commutativity. In that case, there are instanton solutions whose
only moduli correspond to the positions of the individual instantons. A single instanton
has a moduli space R* which represents its position in Euclidean spacetime. For charge k,
the moduli space is a smoothed version of the symmetric product

My, 1 ~ Sym" (RY) . (6.16)

For the six-dimensional theory, we can work directly in terms of the symmetric product.
The elliptic genus for one instanton, for which My, ~ R?*, can be written down
straightforwardly. Choosing €; = —€s = ¢,

H (1-Qpaq) (1-Qp 'y ') (1-Qpy'q) 11— Q) yg™)
ni (1-Qp )" (1-Qpa)’
_91(5 e+m‘p)91<2le— |p)

0? <Ze|p) 7

X(ml,ly Qm Y,q

(6.17)

where

y=ePm, g=eP=eN . (6.18)

This expression as a function ¢(p, 21, 22), y = €>™#1, ¢ = €2™*2 is a weak Jacobi form of
weight 0 and indices 2 and 0, for z; and 2, respectively.

For higher instanton number we can apply the formula of [[J] for the elliptic genus of
a symmetric product. If

X(mt) = Z C(n7p17p27"')Qny11?1y152 Tty (619)
n>0,p1,p2,--
then
> 1
ZQkX(Sym H H kOn Pl 1172 c(nk,p1,p2,...) ’ (620)
k=1 k=1,n=0p1,p2,.. — R Qpy - )enhpLp

where we have allowed for coupling to an arbitrary number of conserved quantities though
Y1, Y2, . ... Inthe present case, we have coupling to two charges through a and ¢q. The instan-
ton partition function is then equal to the generating function (6.20) with the c(n,py,p2)

190nly SU(N) acts non-trivially on 90 so we can fix 3~ | a; = 0.
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extracted from (f.19). The fact that the relevant moduli space is that of a genus 2 curve,
as we have found before, was already noted in [LJ] in the context of elliptic genus of sym-
metric products. The problem of interest there was related to computation of entropy of
5D black holes [[14] where the relevant space is the moduli space of instantons on K3 or
T4, as opposed to the case of interest here which is R*.

In the last section we saw that localization allows us to write the x, genus of I as
a sum of contributions from the fixed points. The elliptic genus of 991 can similarly be
written as the sum over the fixed points with weights wj ;,

1—ye v (2 (1-Qpye ) (1-Qpy~" ") 6.21

Z H 1 — e~ Wi, H (1 _ lege—wm») (1 _ Q]pg ewi’j) . ( . )

i=1 j=1 k=1

Let’s first consider the case of N = 1. In this the weights are give by eq. (6.1().
Substituting then in in the above equation we get

QFx(My.1) =) Q' _ -

> 2 I gmy =
ﬁ Qua"™) (1= Q'™ (1 - Quyg™) (1 - Q™"
P (1= Qpa"i9) (1 - Qpg i)’

This agrees with the topological vertex computation of the last section, eq. (5.35), once we

use the identification y = @),,. The above expression can also be written as

8 ;o 8
(i,j)ER el(zh(%,])dp)
One can easily check by hand that the two expressions eq. (f.20) and eq. (f-29) agree for
the first few terms.

6.3 Extracting the curves from instantons

In this section, we show how the curves of our two six-dimensional theories compactified
on a torus can be extracted by using instantons. In a sense this is already done in the
previous section, when we showed that A-model topological string amplitudes agree with
the instanton calculus computations. Since one knows how to extract the mirror curve in
the A-model setup, this is a proof of how one can extract the curve from the instanton
calculus. However, one can also do this directly as was done in [57].

The central quantity is the instanton partition function which is a given by a sum over
instanton numbers of the form

Z=>Q"Z, Q=& (6.23)
k

where 7 is the complexified coupling of the theory. The associated free energy has an expan-
sion which includes the prepotential F{ as well as a whole series of gravitational couplings:

Z = exp (ngA§9—2) . (6.24)

The curve appears in the limit of A; — 0.
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6.3.1 The theory with an adjoint

From our discussion of the last section where we computed the instanton partition functions
from the topological vertex and the localization calculation (eq. (236)) we see that the
instanton partition function for the U(N) theory with an adjoint can be expressed as [p7]

Z(a;) = exp Z (ve(ai — aj) — ve(ai — aj +m))

ij

i J
% Z Qimt-Hry H —aj+€(ﬂp—ﬂq+q—p))0(aifajfe(q—p)er) .
Ri,..,RN (7p)7£(]q) ( _aJ+€(q_p))0(al_aj+€(uilzi_ufl+q_p)+m)
(6.25)

The sum is over colored partitions of k, the instanton charge, as in (6.§). This is a partition
of k into N Young tableau {Ry,..., Ry} with a total of k boxes described by the data

n; N
py>ph > >k, with Yy =Lp, Y lg, =N, (6.26)

fori =1,...,N. The instanton partition function given above although looks different but
is exactly the equal to the one calculated in the last section (for the case of U(1) and U(2))
if we use the following two identities [[Z],

cr ol —pi+i—i) 1
===~ 1l saem (®20)

ii=1 o(j—1)

o(aay + €e(p — u]—l—j—z
HH 0(Gay +€(j — 1)) 1}

a,y=1,2.

t )
o(arp + €k)) 2Ck(R1,R )

The integers Cj(R1, R2) were defined in section 4, >, Ci(R1, Ry)¢" = le,Rg'
For the four, five and six-dimensional theory,

oup(x) =z,  osp(z) = sinh <%‘"’3> . oen(x) =6 (g—f p> (6.28)

respectively. In addition, the kernel v5(x) is defined by the finite difference equation
Ye(z +€) + Ye(x — €) — 27.(x) =log o () . (6.29)

In the four-dimensional case, the partition function can be simply written in terms of
a sum over certain “paths” f(x) which are associated to the colored partitions. In concrete
terms, it is simpler to work on terms of the second derivative of f”(x):

N n;
"(x) :22 2(5(113—%—6(#;—1)4-1)) —5(3:—(1@-—6(,11;—]9)))+5(m—eni)
i=1 \p=1
(6.30)
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In the limit € — 0, f”(x) becomes a positive density with N intervals of support along N
open contours C; with end-points

CZ:[TZ,SZ] 121,,N (631)

located in the vicinity of a;. This picture naturally extends by continuity to the six-
dimensional theory where now f”(x) is defined as a density in T? with support along the

N contours (6.31).
The following identities arise from (6.30)). First of all, one has the normalization
condition

/ de f'(z) =2 . (6.32)
C.

(3

Secondly, the VEVs are recovered via
o 1 "
a; == [ dex f'(x), (6.33)
2 Je,
while the instanton charge is
1 & 1
2 2 rl
- 2 4 .34
k 262;al+462/cdx:17 iz, (6.34)
where the union of all the contours is
c=Jc. (6.35)

In the € — 0 limit, Z is dominated by a saddle-point determined by minimizing the
functional E[f"

el =1 [ oy 5"@1") (nle ) = Joole — -+ )~ ol =y )
ITT N 1 (6.36)
- 7/Cdx:172 f(x) + ;/\i (ai ~3 /CZ dm:nf”(:z:)) .
in which case
Zrexp (=2 [f1]) . (6.37)

In the above we, have included Lagrange multipliers A; to enforce the fact that the a; are
fixed. The kernel yo(z) is the first term in the small ¢ expansion

Ye(@) =Y ygla)e® (6.38)
g=0
It follows from (p.29) that
7o (z) =logo(x) . (6.39)
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We can now calculate Z in this limit by finding the saddle-point. In fact rather than
calculate Z we shall see that the Seiberg-Witten curve arises in the description of the
critical density f”(z). To start with, the saddle-point equation is, for z € C;,

L") (0 =) = Gl =y m) = Goule —y = m) )+ imra? + xix =0 (640

In order to solve this equation, it is convenient to introduce a resolvent
-y " p
w(z) = cdyf (y) O log 61 2—Z($ —-y)lp) - (6.41)

This is a multi-valued analytic function on T2, since it picks up an additive piece under
continuation around the B-cycle,

Oz +2mi)B) =@(x), @z +27wip/B) = &(x) — 2671, (6.42)

with N branch cuts C;. As usual with a resolvent, the discontinuity across a cut is propor-
tional to the density:

O(x+e) —a(x—e) =2mif'(x), xeC, (6.43)

where € is a suitable infinitesimal chosen so that x + € lie infinitesimally above and below
the cut at . The third derivative of ([.40) with respect to 2 can then be written

Oz+e)+o(r—¢e) —w(@+m)—o(xr—m)=0, xeC. (6.44)

This equation is identical the equation for the resolvent in the matrix model (R.23)), except
that there is no potential on the right-hand side. However, the similarity suggests that we
define the function

G(z) = (a: + %) o (x - %) , (6.45)

to match (R:24). This function is now an analytic function on T2 with N pairs of branch cuts

CE=Ci+ % . (6.46)
The equation (p.44) then becomes a gluing condition
~ m ~ m
G<$+§ie)—G<x—§$e> zeC. (6.47)

Pictorially, the top/bottom of C;" is glued to the bottom/top of C; . So G is single-valued
on a Riemann surface of genus N + 1 just as in the matrix model.

We now prove that this curve is the Seiberg-Witten curve Y. In order to do this, we
prove that the period matrix has the form (2.4(). This itself follows from the existence of
the multi-valued function z with the monodromies (2.49). In the present context, we will
identify

P
z(P) = —/ G(x)dz . (6.48)
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It follows from (f.43) that
7§ &= g [ de @) =1, (6.49)

where A; is a cycle encircling the top cut C;T as in figure B Now we consider the integral
of dz over the conjugate cycle B; which goes from a point on the lower cut z — % € Cj_
to the point z + 5 on the upper cut C;-r. For x € Cj,

ZE+ zm
ot Lo G0
l’!?L (6‘50)

yf”( ) (’Yé’(x —y) — %76’(96 —y+m)— %’Yé’(x —y— m)) =T

independent of , Where the last equality follows from taking the second derivative of the
saddle-point equation ([.40) for = € C; and using the relation (.39).

From (f.49), it follows that dz = Zf\i ,wi and therefore that the first N rows and
columns of the period matrix satisfy'!

2m

» Wyy=7 Vi=1,...,N. (6.51)

These are precisely the conditions on the period matrix (R.4(). We can view these N
equations as N conditions on the moduli {r;, s;} (the ends of the contours C;). However,
there are N additional conditions that arise from the constraints
a; = %/C drxf"(x) = jé xdz . (6.52)
J J
We can therefore think of the a; as the moduli of the curve ¥ and notice that x dz is the
Seiberg-Witten differential.
So we have shown that the Seiberg-Witten geometry that we engineered out of the
matrix model in section 2 also describes the € — 0 limit of the instanton partition function.

6.3.2 The theory with fundamentals

In this section, we follow the same procedure using instantons to extract the Seiberg-
Witten curve for the six-dimensional N' = (1,0) theory with fundamental hypermultiplets
compactified on the torus T?.

The instanton partition function with Ny fundamental hypermultiplets is [E],

Z(a;) = exp | > yelai —aj) + > yelai —
ij if

. S .

y Z . H a(al a;+e (Mp Hg+q p>>1—[0'((li—mf+€(/ip+q—p)).

Ry Ry ey TGP oy o lai—my+e(g —p))
(6.53)

1Tn principal, one could have dz = Zf\rzl wi + Awn+1, for arbitrary A. The only effect of this is to
re-define the coupling 7 and so we choose A = 0.
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In the last section we calculated this partition function (eq. (222) and eq. (223)) using the
topological vertex formalism and the Chern-Simons theory. In order to take the e — 0, we
follow exactly the same steps as for the adjoint theory. We assume that in the limit, f”(x) is
a density with IV intervals of support along the contours (6.31)) in T2. The conditions (b-393)-
(6.34) continue to hold. The functional to be extremized, replacing (b.34), is

el = = [ dedy @) wole - Z / dz " (z)y0(w —my)

(6.54)
inT 2 el Y 1 "
—— [ dxz® f"(x) + )\i<ai——/dx:nf(x)>.
2 Je ; 2 Je,
This yields the saddle-point equation
Ny
/ dy " (y)yo(x —y) — Z’yo(x —my) +inte? + Nz =0 x €. (6.55)
C
f=1

As in the N/ = 2* case, it is convenient to introduce a resolvent defined by

o(x) :/Cdyf”( ) 8, log 6 <ﬁ ) Za log91< (z —my \p> (6.56)

in which case the third derivative of the saddle-point equation has the form
Ox+e)+o(r—€) =0, zeC. (6.57)

Notice that the resolvent (p.56) is only well-defined on the torus T2 if N = 2N, otherwise
it picks up an additive ambiguity around the B-cycle of the T2 torus. This is presumably
related to the anomaly of the six-dimensional theory unless Ny = 2N.

The normalization condition (.33) requires

7{ O(z)dx = —2772'/ f(z)dx = —4mi | (6.58)
A; ¢

where A; is a cycle that encircles the 4™ cut, as illustrated in figure B9 In addition, for
x; € Cj consider the integral

/gfj+1 &(z)dr = /Cdyf"(y) <log91 (5 (Tj+1 — )\p) —log 6y <%(xj _ y)|p>> —0.

’ (6.59)
by the second derivative of (.59).

The solution of these conditions naturally leads to a curve which is the double cover
of the torus T2 for which the C; are N square-root branch cuts joining the 2 sheets. This
geometry is illustrated in figure [f(. There is a natural involution which exchanges the two
sheets. In particular, we can trivially solve (.57) if @(x) is a meromorphic function which
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Figure 39: The cut T2 on which the resolvent &(x) is defined. The contours 4;, j = 1,...,N
encircle the j* cut, while the contours B;, j = 1,..., N — 1 join the j*" and j +1*" cuts and return

on the lower sheet.

Wy (=
:
A R

i,

Figure 40: The solution involves a double cover of the T? torus joined by N branch cuts to create

a surface of genus N + 1.

is odd under the involution and which has, in view of (p.56), simple poles at © = my of

the form

o) = F— -+ O) (6.60)

on the top and bottom sheets, respectively. So @(x)dz is a 1-form on ¥ whose only singular-
ities are simple poles at m, with residues 274, on the bottom and top sheet, respectively,
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and whose integrals around the cycles A;, j =1,...,N and B;, j=1,...,N — 1 are

7§A olede = i 72 Sl =0, (6.61)

where Bj is the cycle illustrated in figure B and the latter integral follows from (6.59).
Since the contour Ué-vzlAj can be pulled off the back of the top sheet, at the expense
of picking up residues at the simple poles x = my, we have

N Ny
—4miN = 2]4 o(x)de = — 27{ &(z)dx = —2miNy (6.62)
j=174i F=17ms

by (p.60). Hence, for consistency we find
Nj=2N, (6.63)

as we noted previously.
We claim that the unique solution to these conditions is

o(z)dx = —2dlogt, (6.64)
where t is the function
P [Per
t= o) + O() (6.65)
with
N 2N
P(z)=]]6: (%(m - Q)\p) . Q@ =]]o (%(z - mf)|p> : (6.66)
i=1 f=1
Hence, )0 (@)
2 N P(2)Q'(x
o(z) = ; <P( ) 200) > , (6.67)
where
y? = P(z)* — cQ(x) . (6.68)

Notice that ([.6§) is precisely the curve we found from the web diagram in (B.26). Notice
that we must also choose our z-origin so that

N 2N
Sa=> my (6.69)
=1 f=1

in order that @(x) is valued on T2. From this solution, the density f”(x) is determined
by (p.43) once the cuts C; are identified and where ¢ a constant which is fixed in terms of
the coupling constant 7 by substituting f”(x) in the second derivative of the saddle-point
equation (B.55). The cuts are identified as follows. In the limit of weak coupling ¢ — 0 and
the roots of y = 0 come in pairs on T2 located in the vicinity of each z = ¢j- The roots
near (; are the ends of the cut C;.
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The geometry (B-29), (b.68), is the Seiberg-Witten curve of the U(IV) six-dimensional
N = (1,0) theory with Ny = 2N hypermultiplets. The (; are moduli which are determined
in terms of the a;’s by the conditions (6.39)

1 " 1 N 1 dt
== dr = —— dr = — — .
a; =3 /c xf'(x)dx il xw(x)dz omi o T, (6.70)
J J J
from which we deduce that A = xdt/(2mit) is the Seiberg-Witten differential.
Notice that the resulting curve 3 is embedded holomorphically in T2 x R defined by
the coordinates (x,z = ﬁ logt). In the M-theory picture,  and z are identified with the

spacetime coordinates as in (R.57) and the M5-brane is wrapped on the curve.

7. 6D SYM and the 5-brane

We have seen that 6d (1,1) supersymmetric gauge theory compactified on T? and mass
deformed by the mass parameter m has an interesting moduli space. The moduli space is
three dimensional, given by the complex structure of T2, p, the Kihler class of T2, 7, and
the mass parameter m. The two natural SL(2,Z) symmetries of 7, p are combined to an
Sp(4,Z) symmetry when m # 0. Note that this is a mass deformed NS 5 brane of type
IIB compactified on T?. By a T-duality on one of the circles of T? this can be viewed as
NS5-brane of type IIA compactified on T? with complex structure 7 and Kihler structure
p. Or, lifted up to M-theory, this can be viewed as a mass deformed M5 brane wrapped
on a T2. The dual description we have found can also be given an M5 brane description:
namely, we have given the dual description as an M5 brane wrapped on a genus 2 curve
embedded in T?, where the 7 and p are both complex moduli of this genus 2 curve. This
is an amusing duality involving M5 brane where Kahler and complex structure on one side
are mapped to complex parameters on the other side.

It is also noteworthy that we have found a triality symmetry between (f’, P, %) =

<T _pm o, fOm B—m) The interpretation of this triality symmetry for the M5 brane

27 27w 27

theory wrapped on a T? would be interesting to understand directly.
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